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O . Signails

In this course a signal will be a real or complex function of one independent variable, e.g.

-

atmospheric
pressure

A

independent

[ variable

> altitude

Usually this independent variable will be taken to be time.

1.1 Continuous-time vs. Discrete-time Signals

* A signal defined at all instants in time is known as a continuous-time signal

e ifr>0
e& X =00 <o

t

* A discrete-time signal is defined only at a finite (or countable) number of time instants

e.g. x(t) =sin(t) forr = nA, n € {0,£1,£2, ...}, for other values of ¢, x(¢) is undefined
We will mainly deal with continuous-time signals in this course, but we will also see discrete-time

signals (sampling).

1.2 Analog vs. Digital Signals

* If x(r) takes (or can take) a continuum of values, then it is said to be analog

o If x(¢) takes (or can take) only a finite set of values, then it is said to be digital
e.g. x(t) =sin(t) \/ -
\4
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takes all values in [—1, 1], so it is analog.

-3 if —1<sint < -3
—1 if =4 <sinr <0

e.g. x(t) = | BT sEET only take values in {—3,—1,1,3} so it is digital.
3

A \//\
- I

11
O S T

1.3 Periodic vs. Non-periodic Signals

* x(1) is said to be periodic if there exists a number 7' > 0 such that

x(t+nT) = x(t) (1.1)

foralln € {0,£1,£2,...}.

* The smallest positive value of T for which this is true is called the period.
e.g. x() =3cos (21 + %) for all 7 is periodic with period 7 = 27” =7.

* The frequency of a periodic signal is defined as f = % (in Hz).
(angular frequency @ = 27f = 2Z in radians/sec)

* All signals that are not periodic are called non-periodic.

1.4 Even and Odd signals
* x(t) is even if and only if x(—1) = x(¢).

* x(t) is odd if and only if x(—1) = —x(t).

1.4.1 Decomposition

Proposition 1.1 Every function x(¢) can be written as a sum of an even function x,(7) and an
odd function x,(z).

Proof. Define:

%olt) = x(1) +2x(—t) (12)
X, (1) = x(t) = x(=1) (1.3)




1.5 Continuous and Piecewise Continuous Signals %
Xe(t) is even: x,(—t) = x(_t);x(t) = X(I)Jrzx(_t) = x,(1)
X,(t) is 0dd: x,(—¢) = X==0) _ _HO—xn) _ )
x(t)+x(—t) x(t)—x(—t 2x(t
) () < TN O —x(0) 20
2 2 2
O
1.5 Continuous and Piecewise Continuous Signals
Idea of a continuous function:
you can draw its graph without lifting your pencil from the page.
continuous
N \‘f
> 1
left/right limits Lo
are not the same left hmlt does
not exist

left/right limits

are the same but

not = to x(fy)

Notation:
x(ty )= liTm x(t) from below (left) (1.4)
t Tt
x(ty) = lim x(¢) from above (right) (1.5)

tlt
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Definition 1.1 x(7) is piecewise continuous if for any bounded interval [¢1,1,] there are at most a
finite number of discontinuities AND at these points the left and right limits exist.

‘ Square Wave

e.g. 05|

1.6 Energy and Power Signals

Define the following quantities:

(a) Instantaneous power

Pyse = |x(1) ]2 (magnitude to deal with complex signals) (1.6)
i(1)
—
Intuition from physics:  V(¢) R Inst. power dissipated = Ri*(t) = @

(b) Energy over an interval [t),,]:

15 1%
Ei.,= / Py (t)dt = / x(1) [*dr (1.7)
t n

(c) Total energy:
Eipt = / Pyt (1)dt = / |x(t)|2dt (be careful it may be oo) (1.8)

(d) Average power over an interval [t;,,]:

1
h—n

avgtty =

[5) 1 t
/ Py (t)dt = / x(1) [%dt (1.9)
151 151

h—1

(e) Average power:

1T im L[
P = lim = 1 Pas(0)dt = Jim 1 (Pt (1.10)

—»00

Note: P, is easy to evaluate for periodic signals with period Tp:

1 1
P :—/ P-,tdt:—/ x(1)Pdt 1.11
avg TO “Tp> mst( ) TO <To>| ( )’ ( )
a+Ty
where < 1, > means over any interval of width Ty, i.e. / , Yo (for any o).
o
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Definition 1.2 An energy signal is a signal with finite total energy, i.e.
Ejpr < o0
| Definition 1.3 A power signal is a signal with finite, non-zero average power, i.e.

0 < Py < o0

p) Textbook uses slightly different definition: power signal < F,,; < o and Ej,; = oo. These
definitions are NOT equivalent.

- ifr>0
= Example 1.1 Consider the signal x(¢) = {(e) ?f - o Is it an energy signal or a power signal?
s <
oo ) o o 8721 b 1 1 o )
Eipr = / x“(t)dt = / e “dt=—| =0—— == <o = this is an energy signal.
o 0 -2 -2 2
Pe = — — =7 (not in class)
T, T, o2 T e 2T 1 |_e 2T
t)dt = ~dt = = =
R 1—e 2"
e =M o =g =0

= Example 1.2 Consider the sinusoidal signal x(7) = sin(@yt). Is it an energy signal or a power
signal?

1 (T
Pae = lim 2—/ sinz(a)ot)dt

T —o0 -T

Using the identity cos2a = 1 — 2sin’ , sin® & = 3 (1 —cos2a), so

T Ty 1T 1 sin(2a1) |
)
sin tdl‘:/ fdt—f/ cos(Qapt)dt =T — -—————
/fr (o0 T2 2/)-r (2a01) 2 2m |_p
T sin(2ayT) —sin(—2ayT) T Zsin(2ooT) T sin(2ayT)
4y 2# o 2ax
Therefore
. 1 sin(2ayT) . 1 sin(2ayT) 1
Fove = M0 27 [T‘ 200 } —%ﬂ[z—w "2

(not in class)
We could have also found P, as:
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where @y = zT—g =Ty = % since x(¢) is periodic.

L1 /To I—cosQant) 1 |To sinQeyn)[®] _ 1 [Ty sin(2anTo)
wE Ty Jo 2 - Ty 2 4(00 0 N Ty 2 4(00

_ 1 sin(2anTo)

2 4axTy

Since wy = ZT—’OT, Ty =27, so

1 sin(4m) 1 1
P = — — = — — = —
"2 8n 27073
0<Pug= % < oo, 80 x(t) is a power signal.
E;,; = --- (not in class)

(show it)

One can show that:

All signals

Power

Else

In other words, a signal x(¢) is either energy or power or none of the above, but it cannot be energy
and power at the same time.

Proof. (not in class)
We will show that if x() is an energy signal (E,,; < o) then its average power P,y = 0 so it cannot
be a power signal.
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13

Indeed E;,; = M < oo, where M is some finite number.

Eio :/ x(t))?dt = M < oo

v
| worar< [ wopac=m
-T o
v

LT, M
— H|edt < —
zr/gh(” =27

| (take limit as T — o)
. M
Pavg S Th_I)I’:O ﬁ =0

U
Pug =0

Q: Can you think of a signal which is neither power nor energy?
Hint: It has to be big!

A:x(t) =t
T, T, 317 273
/4x (t)dt—[Ttdt— 3,73
E,O,:limz—ﬂ:oo
T—eo 3
. o12rr  T?
Pue=lim ———— = lim — = oo

T—2T 3 T—oo 3
In fact x(t) =%, Va > 0 (for any o > 0) has E;y = Py = oo.

p) Textbook definition and the one presented here are not equivalent, i.e.

0 < Py <00 <G Py <00 & Eypp =0

ie. if P <oothen Py >0 <E Ejr = oo (= is true, same proof as before). The problem
lies in that if Py, < oo, Ejpy =00 =6 Pue >0 <= P, =0 =6 E;y < oo. Indeed, we can

& ifr>0

find signals with P,,, = 0 and E;,; = . e.g. x(t) =
g w avg tot g x() 0 ifr<o0

Note:

for0<a < 3.

* A signal is "bounded" if there exists a finite constant M such that |x(z)| < M, Vt (for all 7).

* Asignal is of "finite duration" if there exist finite constants 71,1, such that x(¢t) = 0if t & [t1,12].

One can show that
* Every bounded, finite duration signal is an energy signal

* Every bounded, periodic signal is a power signal
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1.7 Transformation of the Independent Variable
Shifting, Reflecting, and Time Scaling.

1.7.1 Shifting by t,

x(t) 2 ) = x(t — 1o)

x(t) x(t—2)
1 shift by 2 1
delayed
r | -t ‘ | ‘ -1
—1 1 —1 1 2 3
x(1) x(t+1)
1 1
advanced
shift by -1
# t . ‘ - > 1
-1 1 | 1
* if 1y > 0, delay
* if #p < 0, advance (not physically realizable)
1.7.2 Reflecting
x(t) reflection y(l) _ x(—t)
x(1) x(=1)
! 1
reflection
. t t
-1 1 2 -2 -1 1

p) Shifting and reflecting do NOT commute:

(1) TP (1) =l —10) S () = x(~1 —)

x(t) 2O 2y = x(—t) O, (1 —19) = x(— (¢ —t0)) = X(~1 +10)

You have to shift by —zy!
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1.7.3 Time Scaling
x(t) 2 (1) = x(nt)

scaling by n <= scaling by |n| and possible reflection if n < 0.

x(1) x(t/2)
y A
1 1
scale by %
> 1 1 >
-1 1 2 -2 -1 1 2 3 4
x(t) x(3t)
A
1 1
scale by 3
E—
1 — N >
—1 1 2 _1 2
3 3

In| <1 = expansion (slow motion)
|n| >1 = compression (fast forward)

p ) Scaling and shifting do NOT commute:

x(t) y(t) = x(t —10)

scale b hift b
x(t) scale by n z(t)zx(m‘) shift by 7o

shift by 7o scale by n
E—

y(nt) = x(nt —to)
2(t—19) = x(n(t —t0)) = x(nt —nty)

Note: For n < 0, n = —|n|, so x(nt) = x(—|n|t). The — is responsible for reflection, and the |n| is
responsible for scaling.

= Example 1.3 Suppose x(¢) is given by the plot below. Define y(z) = x (1 — %). Plot y(t).

x(1)

A

2 -1 12
Two methods to solve this problem:

* Method 1: View the signal y(¢) as y(t) = x(at — b). In our example, a = —% and b = —1.
This suggests shifting and then scaling:

x(r)

scale by a

SMIOYP vt — b) SR (ar — )
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x(1)
A
1
Original:
1 t
—1 1 2
Shift by b = —1 (advance)
x(t+1)
A
1
Scale by a = —%:
t
-2 -1 1
( x(1—1)
A
1
Reflect
t
-1 1 2
x*(1-3)
1
Scale by |a| = :
t
-2 2 4

* Method 2: View the signal y(r) as y(t) = x (a(r — b)). In our example, x (1 — §) =
x((=3)(=2+41)) =x((-3) (t—2)) soa= —3, b=2. This suggests scaling and then
shifting.

( ) scale by a@ x(a ) shift by b x(a(t —l_?))
x(t)
y
1
Original:
1 t
—1 1 2

Scale by a = —%:
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( x(=1)
1
Reflect
: t
-2 -1 1
1
x(=31)
A
1
Scale by |a| = 1:
: t
—4 -2 2
x(1-35)
_ 1
Shift by b = 2:
t
-2 2 4
|
1.8 Important Engineering Signals
1. Real Exponential:
x(t) = Ce™ (1.12)
I Ja>0
C
o <0
=
2. Sinusoid:
x(t) = Asin(wpt + @) (1.13)

, where @y is the angular frequency, wy = 27 fy, fo is the frequency, and fy = Tio, Ty is the
period, and ¢ is the phase shift.
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ANNANAY
AV

i
I
l
l
l
|
I
|
1

—AT
Ty
3. Complex Exponential:
x(t) =Ce” (1.14)
, where C and s are complex numbers.
C =re/®
s=0+4+jo
x(t) = rel®e( OO = i 01 (IO — (1O1) i (@I1+0)
Jx(t)] = re®”

x(2)]

>0

o<0

Re{x(r)} = re® cos(wt + 0)
Im{x(r)} = re° sin(wr + 0)

Re{x(t)}

4. Unit Step:

M(t):{l ift>0 (1.15)
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p) We will NOT define u(t) at t = 0. Sometimes it is defined as u(0) = L, but it will not
make a difference in our results.
5. Signum:
1 ift >0
sgn(t) = =2u(t)—1 1.16
20 {_1 g =20 (116
6. Unit Ramp:
t ifr>0
r(t) = =tu(t 1.17
) {O ift <0 ) (117
slope =1
>
7. Rectangular Pulse:
1 —i<t<}
rect(t) = 2002 (1.18)
0 otherwise
rect(t)
1
> 1
_1 1
2 2
rect (4)
1 A
rect (%) = (scaling by +)
> 1
_T T
2 2
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8. Sinc and Sampling Functions

i 1
sin(mt) (note 7 is explicitly present) (1.19)

sinc(t) =

Textbook uses the definition sinc(7) = “t—‘” We will us a different name for that so we
don’t confuse them:

Sa(r) = Sint(t) (1.20)

We call Sa(t) the sampling function.

sinc(7)

1.9 Plotting and Mathematical Representation of Signals Given By Straight-Line
Segments

In this section we will look at plotting functions involving unit step functions (u(¢)) and ramp
functions (r(¢)), as well as writing function in terms of unit step and ramp functions from a graph.

» Example 1.4 Plot x(¢) = 3u(t) +tu(t) — (t — Vu(t — 1) — Su(t — 2).
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Individual terms:

3 ifr>0
u(y=4" "

0 ift<0

ift >0
ift <0

—(t—1) ifr—1>0 1—¢t ifr>1
- Du—1y=4 D - ?
0 ifr—1<0 0 ifr<1
-5 iftr>2
—Su(t—2)= 1
0 ifr<?2
A tu(t
51 ult)
4,,
3 3u(t)
2,,
1,,
: -t
. 1~02 3 4 5 6 7 8 9 10
:i (- Du(t—1)
4 —5u(t—2)
_5” ~C

|} combine them

Faster Method:

* Look for points where there is a jump (e.g. = 0,2) or a change of slope (e.g. t =0, 1).

* Calculate x(¢) at these points and connect the dots.
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m Example 1.5 Represent the following signal:

x(1)
R
3 1
21 3/2
) Ly
/ 10 2 i s
Ny L que—s)
—3u(t+2)
-3 —%r(t —4)

4u(t—2)+3r(t —2)

x(t) = =3u(t+2)+4u(t —2)+ %r(t -2)— %r(t —4)—4u(t—5)

Now suppose that the graph was changed to:

x(r)
4 |1
31 3/2
2 |1
—4
) Ly
/ B 0 2 4 5 t
) T— 4r(t—5)
—3u(t+2)
-3 —3r(t—4)—4r(t—4)

du(t—2)+3r(t—2)

x(t) = =3u(t+2)+4u(t —2)+ %r(t -2)— %r(z‘ —4)—4r(t—4)

= 3u(t+2)+4u(t—-2)+ %r(l‘ -2)— 12—1r(t —4)
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1.10 Important Engineering Signals: Unit Impulse or Dirac Delta Function 46(7)

This is not a "typical" function (it is known as a "generalized function" by mathematicians).
It is defined as the limit as

8(t) = lim fe(1) (1.21)

£—0

of a sequence of conventional functions f¢(#) which have the following properties:

1.
;ig(l)fe(o) = +oo
2.
lim f (1) =0, Vr #0 (for all 1 #0)
3,
/ ) fe(t)dt =1, Ve (for all £)
4.

fe(—t) = fe(t) (even function of 1)

5. (more technical assumption) f¢(¢) is everywhere differentiable any number of times and f¢(¢)
and all its derivatives satisfy the condition

()
fe ) o w012,

lim
f—oo  f
()= e s
m Example 1.6 f.(t) = e 2¢2 (this is known as a Gaussian function).
V2me?
_1
V2me?
t
1.
fe(0) = e —
€ a \2me2 €0
2.
()= e %
Sfe(t) = e 2 0 (by L’Hospital Rule)
V2me? €0
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3. Known fact from calculus
4. Even (obvious)

5.V

Most times, for purposes of exposition, when rigor is not important, we will dispose of property 5.
In such case we can consider the sequence of functions

fe(t) = %rect (é)

(STl
| m

where all 4 properties can be readily verified.

Notation 5(¢):

General case: 6(t —19)

We say that the delta function "fires" at ;.

1.10.1 Properties of the Delta Function
These properties follow from the definition of §(¢)

1.
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2.
0(t)=0, Vt #0 (forallr #0)
3.
/m&n:1
4.

5. Sifting Property: Let x(t) be continuous at 7). Then

N x (1) iftg € (t1,12)
/ x(1)8(t—19)dt =<0 iftg & [t1,12]

n .
undefined iffg=tjortg==n

In other words, if the § fires inside the (¢1,#,) interval and x(¢) is continuous at this point,
then the integral evaluates to x (7).If x(¢) is discontinuous at 7y then the integral is undefined.

s Example 1.7

1
/’famm=é3 1

1 t=0

—1 3
/ & 8(t)dt =0

-2

3
/ u(t)6(t)dt = not defined since u(t) is discontinuous at # = 0
—4

4
/me@—mmzu@mﬁzl
—1
) x (o) ift > 1
/ x(1)8(t—10)dT =140 if r <o (x(¢) is continuous at fp)
- undefined iffr =1

/w cos(t)e H8(t+1)dt =0
0

Intuition:

o *()
W/

} } } > [
h l‘o—% fo t()-f—% 153
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/t:zx(t)B (t—to)dt = /:x(t) (;ig(l)fg(t)) dt

n

Y tim [ () (1)t

e-0.Jy
_ [fots 1
= lim x(t)—dt
=0 f—5% €

1
1
1
1
1
1
1
1
1
1

to—5 10 to+5

1 ots
= lim — x(t)dt = x(19)
e—0 € 1n—5%

while

1.10.2 Sampling Property

If x(¢) is continuous at t = 1 then

x(1)0 (t—19) =x (1) 8 (t —19)
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€ €
I—E [O+§

1.10.3 Scaling
Motivating example: / o(5t)dt =17

A safe way to solve it is by using the following change of variables:
/' =5t = di' =5dt

Hence,

) ) / )
[asna=["s() G =5 [ s()ar=

Instead of having to do that in every integral involving scaled delta’s, we will use the following

identity:
O(at) = ’1|5(t) (1.22)
a
SO
/w O (at)dt = /w iB(t)dt _ L o(t)dt = 1 (1.23)
- e d] al J . l ‘
More generally,
1 b
Olat+b)=—6(t+— (1.24)
lal a

Proof. Consider the case a > 0. Let

fe(t) = érect (é)

Then,

1 at+b
fg(at+b):8rect< c >
1 <t—|—b/a)
= —rect
€ €/a

11 (t—l—b/a)
= ———rect
agla €/a
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Now let €' = ¢/a.

. .11
O(at+b) = ll_t)l’(l)fg(al‘-l-b) = g}%ag,rect<

t+b/a>

8/
1 t+b 1 b
zlimrect< + //a> =-0 (t—l—)
ae—0 i a a

* For the most part, the Dirac delta function will only appear inside an integral.

Similarly for a < 0.

* In these cases it is safe to evaluate the integral using the sifting property.

p) From the sifting property we have

t 1 iftr>0
8(7)dt = =u(t
/ﬂo (t)de {0 it <o~ "0

sou(t) = ., 8(t)dt, and thus some authors proceed to differentiate the above equation to

get
du(t) d [t
= — 6(7)dt=06(t
dt dt /—oo ( ) T ( )
from
fundamental
theorem of
calculus

and so they conclude (incorrectly!) that
du(t)
dt

=5(t)

Note however that 6(¢) is not a continuous function at = 0 and u(¢) is not continuous (and

thus not differentiable) at t = 0.
du(t)

Under some circumstances it may be convenient to "formally" write =3~ = 6(t), but care

must be taken to explain the meaning of this statement.

e.g.

u(t)

1 7k
e,
-1
4
dt
fe(t)
4 o(1)
fe(t) =72 (doit!) 1
e,
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Derivative of Dirac Delta Function
Take t;] <0<t

[ s 0= 030l - [ s

0 0
= [ (1) 857~ f (1) 8t7)— '(0)

= f/(0) if £/(0) is continuous at 0

So, if f(¢) is continuously differentiable at 7, then

n —f'(to) ifto € (t1,12)
| 108 e~ 1)di =40 it 1 ¢ 1,0

undefined iffg=tortg==0






[2. Systems

2.1 Systems

A system is an entity that performs a function, i.e. operates on something (calling "input") and
produces something else (called "output"). There are different types of systems: e.g. electrical,
mechanical, biological, chemical, economic, social, etc.

In this class we will study systems that operate on a continuous-time analog signal x(¢) and
produce a continuous-time analog signal y(7).

input System output

(1) ——— S — ()

Note that the system (in general) operates on the entire input x to produce y.

Notation:

2.1.1 Examples of Systems

1. Constant gain (inverting amplifier).

Ry

y(t) = —o=x(1) 2.1)

2. Modulation (or mixing)
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cos (aot)

¥(t) = x(t) cos (@yr)

3. Sound through a duct: pure time delay

x(t) ———— Do —(?)
pressure pressur:
wave wave

in out

length of pipe
1) =x(t—1 h hh=—"—"7""
¥(t) = x(t —to) where to speed of sound

Notation:
y=D"[x]
where D" means delay by .

4. RC circuit (no initial charge on the capacitor)

R
Tt
x(1) @) e y(r)
[Bli(r) = Cd)c]l(tt) (capacitor) e () = (1) _Rcdy(t)

y(t) = x(t)—i(t)R (KVL) dr

< RC

dy(t)

dt

2.2)

+3(1) = x(t

2.3)

Equation (2.3) provides the input-output relationship of the RC circuit described by an ODE.

One can show that

2.4)
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5. Moving average filter

x(t) ——— 8§ (@)
3 smooths out
l input signal
i t
1 [+
W6 =~ / x(t)dt 2.5)
W J—¥w

6. Pure integrator

7. Rectifier
x(t) —— || — (1)
/ﬂ\/ /\/ ) W )
y(t) = |x(1)]|

2.2 Classification of Systems

memoryless (or static) vs with memory (or dynamical)

causal vs non-causal

linear vs non-linear

time-invariant vs time-varying

stable vs unstable

2.2.1 Memoryless
Definition 2.1 A system is said to be "memoryless" or "static" or instantaneous if the output

at time ¢ depends ONLY on the input at time ¢. Otherwise, it is said to be "with-memory" or
"dynamical."

E.g., examples @, @, X, >4<, >S<, >6<, @ are memoryless. Memoryless systems are very

simple mathematically.
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2.2.2 Causal
Definition 2.2 A system is said to be causal (or non-anticipatory) if the output at any time ¢

does not depend on the input at times T > ¢.
E.g., examples @, @, @, @, X, @, @ are causal (for #4, see close form solution).

R ) Any physical system must be causal!

2.2.3 Linear
Consider a system S:

* The response of the system to x; () is y; (¢)

notation: X () yi(t)

more formally: y; (t) = S[x;] (¢)

* The response of the system to x,(t) is y»(¢):

0, »(1)

y2(t) = S [x2] (1)
¢ Consider two constant numbers o, 0

Motivating Question: What is the response of S when the input is the linear combination

x(t) = 0(1X] (t) + OCQ)CQ(t)

o X1 (l) + azxz(l) 4> ?

Definition 2.3 A system S is called linear if for any inputs x; (¢), x2(¢) and any numbers ;, &,
the output of the system to the input

x(t) = oux1(t) + opxa(t)
is
y(t) = ouyi(r) + 0nya(7) (2.6)
Formally:
Sloux) + aoxo) (t) = oS [x1] (1) + 028 [x2] (1), (for all x1,x2, 041, 02, 1) (2.7)

Pictorially:
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) —| >

® S )
)Cz(l‘) b
() — s yi(r) Ja l
H—— (1)
o) — s ¥a(t) J I

Which of the 7 examples studied are linear?

m Example 2.1 Determine whether Ex. 1 of the 7 examples studied is linear or nonlinear.

Stal () =~ 1)
bl () =~ aalr)
S{own + 0] (1) = —RT (o (1) + oo (1))

= 0615[)61] (l) + oS [XQ] (t)

so it is linear. v/ "
m Example 2.2 Determine whether Ex. 5, the moving average filter, is linear or nonlinear.
s

Shu] () = — /, xi(1)de

w

_w
2

Spol (1) = + [ "

w
wJi—3

e
Slown + o) () = [ "o (1) + aoxa(e))de
-3

|y |y
=0 (/ y xl(r)dr) + o </ xz(r)dr>
wJt—% wJt-y
= oy S[x] (1) + 0Sx] (1)
so it is linear. v’ n
s Example 2.3 Determine whether Ex. 7, the rectifier, is linear or nonlinear.
Shel(r) = (1))
Shea] (1) = x2(1)]
Slauxy + opx] (1) = |ayx (t) + opx (1)
# o [x1 (1) 4 0 |x2 (1)

so this system is nonlinear. "
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Of the seven examples we considered, 1 — 6 are all linear, but 7 is non-linear. Do it!

disable (1), (2). (3. (0, (5).(6). X

— The property S[ox] (1) = aS|x] (¢) is called "homogeneity."
— The property S[x; +x2] () = S[x1] (t) + S [x2] (¢) is called "superposition."

So Linearity < homogeneity AND superposition. Show it!
Proof.
1. Linearity = homogeneity:
Set oy = 0. Then from linearity,

S[oqxl +0)C2] (Z) = 061S[X1] (Z) +0S [XQ] (t)
< Slaix1] () = a1S[x1] () (homogeneity)

2. Linearity == superposition:
Seta; =0 =1.

3. &« ?Doit!

O

Based on the above, one can easily show that the response of a linear system when the input is
x(t) = 0 must be y(r) = 0.

Proof. Indeed, Linearity = Homogeneity, i.e.
Slax](t) = aS|x] (1)
and substituting a = 0, we get

S[0x] (r) = 0S[x] (1)
<~ S[0](¢r) =0, Vr (for all t)

Note that the 0 in S[0] is the zero signal, i.e. x(¢) = 0, V¢, whereas the 0 after the equals sign
represents the number zero. O

2.2.4 Time Invariant
Consider a system S with input x(¢) and output y(z):

() ——— S |[—(0)

Motivating question:

1

x(1) (1)
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Suppose you input a delayed version of x(¢) to the system, i.e. x (¢ —#p). Will you get a delayed
version of y(t), i.e. y(t —19)?

x(t—1o)

> 1

0 o th+1

Answer: NOT ALWAYS.
Definition 2.4 A system is said to be time-invariant if for any input x(¢) and any delay 7y, the
output of the system to the input x (t —#g) is y (¢t — o).

Formally: recall that a pure delay system

X)) sl DO e (1)

is denoted by D", i.e.
D [x] (1) =x(t —19) (2.8)

Time-invariant:

S[D°[x]] (1) = S[x] (t —t9) = D [S[x]] (r) (2.9)
Pictorially:
W) —— oo TP
x(t) —— S U 2 Db ——y(t—1to)

In other words, S and D commute.

Which of the seven examples studied are time invariant?

m Example 2.4 Determine whether Ex. 6, the pure integrator, is time invariant or time variant.

sk = | " (vt

—00
t—1o

S[ (1 —1o) = / x(t)dt

t
S[D°[) (1) = / X(t—10)dt
Using the change of variables s = 7 —ty = ds =dr,
S[D"[x]] (1) = / x(s)ds

Since S [x] (t — 1) = S[D" [x]] (¢), S is time invariant. .
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m Example 2.5 Determine whether Ex. 2, the modulator, is time invariant or time variant.

x(1) (%) - (1)

cos (aot)
Sx] () = x(t) cos (ant)
Sx](t—t9) =x(t —to) cos[my (t —19)]
S[D" [x]] (r) = x (1 — o) cos (wot)

Since S[x] (t — o) # S[D" [x]], this system is not time invariant, or it is a time-varying system. m

Of the seven systems presented, 1 and 3—7 are all time-invariant, but 2 is time-varying. Do it!

Stability
Recall that a signal x(7) is called bounded if there exists some constant M such that

|x(t)] <M, Vt (for all 1) (2.10)
Bounded Input-Bounded Output (BIBO) Stability

Definition 2.5 A system is said to be BIBO stable if for every bounded input, the output is also
bounded.

() ———  § )

if |x(r)| < M, then |y(t)| < M
m Example 2.6 Determine whether Ex. 2, the modulator, is BIBO stable.
y(t) = x(t) cos (@t )
= ()] = |x(z) cos (wor)| < |x(t)]
So if |x(r)| < My, then |y(z)| < |x(¢)| < My, so it is BIBO stable. .
m Example 2.7 Determine whether Ex. 5, the moving average filter, is BIBO stable.
1 [tt3

W) = — /I x(t)dt

w
W Ji—3

ol = [ xtere| <

w

_w
2

so it is BIBO stable. n
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m Example 2.8 Determine whether Ex. 6, the integrator, is BIBO stable.

Take
u(t)
1 ifr>0
x() =u)=1{ M
0 ifr<0 0
t
|x(¢)] <1, so it is bounded. However,
r(1)
! t ifr>0
t)= x(7)dt =
=[x {0 e | A
‘ -1
and y() is an unbounded signal, so the integrator is NOT BIBO stable. "

Of the 7 example systems:
OIOIOI0109 40

A Common Class of Systems: Systems Described by LCCDEs

A common class of systems are those described by linear, constant-coefficient differential equations
(LCCDEs).

x(t) —— S —— ()
where
dVy(r) d"ly(@)  dV () dy(t)
g T g ey a1 =~ any(t)
dMx(t dx(t
= by df,‘g)+---+bM1 );(t)+be(z) (2.11)

where ay, as, ..., ay and by, by, ..., by are real coefficients and N > M.

* If we want to find the output of the system for all # > y, we need N initial conditions y (ty),
Y (1), - "V (10)'

* N is the "order" or "dimension" of the system.

* As it turns out, the overall response of this system is the sum of two parts:

y(t) = yzir(t) +yzsr(t), t = to (2.12)

where yzr(t) is the response of the system when x(#) = 0 (Zero Input Response) and yzsg ()
is the response of the system when the initial conditions (state) are set to zero (Zero State
Response).

'When x(7) or its derivatives contain & functions, we need to know initial conditions at t, because y and its derivatives
can change instantaneously from 7" to tar .
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Special Case: Consider the first order system described by the LCCDE

DO 4 ) =ba(0), (1) =30 1210

M).

(also use notation y(t) for =

Solution:

t
¥(1) = yzir(t) + yzse (1) = yoe =0 [ be =D x(t)d1, t > 19

fo

Note that in the above solution, yzz(t) = yoe ¢! ~") (the first term), and yzsz = f,f) be==x(t)dt
(the second term).

m Example 2.9 Consider the RC circuit shown below:

R
N
x(1) @) ——c
i) 3
L )

Specific values:

tr=0
y(0) =yo =2
5 ift>0
x(t) =5u(t) =
®) ®) 0 ifr<O
RC = ﬁ (sec)
yzir(t) =2¢ 1 >0
yzir(t)
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! t
yzse(t) = / 100e 1900547 — 500100 / 100747
0 0

1007 |

100z
_ —100r ¢ _ o€ —1
= 500e Too = 500e 0

:5(1—6_100t),t2()

vzsr(t)
5 |1

Overall:

5 A1
yzsr(t)
2 B
yzir(t)
t
(1)
51

y(t) =5 — 31001







(3. Linear, Time-Invariant (LTl) Systems

For the rest of this course (and unless otherwise noted) we will be studying LTI systems. Why?
1. Good (approximate) models for many physical systems.
2. Mathematically very tractable = analysis yields insight.

Our goal for now:

* Understand the general way of representing all LTI systems.

 Evaluate output from input using convolution.

3.1 Impulse Response (IR)

Definition 3.1 The impulse response h(t) of an LTI system is the response of that system when
the input is a Dirac delta function.

LTI System

o(t) S > h)

p) Since 6(¢) is not a proper function, we interpret the IR as a limit:

fe(t) S he (1)

\l/E—)O \l/,g_>0

ot) — S +—h()

h(t) = S13] (1) G.1)

The IR of an LTI system is very important. As it turns out, if we know /(7) we can evaluate the
output of the system to any input x(z).

Proposition 3.1 (another word for a basic result that we will prove) For any LTI system with IR
h(t), the output y(¢) to an input x(¢) is given by the convolution integral, i.e.

y(t) = / x(T)h(t — T)dt at any r where x is continuous (3.2)

Notation:
y(t) =x(t) *h(t)
= (xxh)(t) < better notation

Why is (x*h)(z) better notation?
Observe: y(¢) depends on all values of x and &, not just x(z), h(t).
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3.1.1 Simple Explanation

We know:

A-x(kA)S(t — kA) S A-x(kA)A(t — kA)
¥, x(kA)S (1 — kA) A s ¥ x(kAYA (1 — kA) A
\L A—0 \L A0

Jx(t)o(t—1)dt ——— § —— [x(7)h(t—1)dT

|l (sifting)

x(t) — S +— [x(7)h(t —1)d7

Proof. Recall the basic idea of the Riemann integral:

Z(kA)

C/" ,r
o —=A 0 A 2A3A — kA:
(k+1)A
oo +oo
(T)dt =1i (kA) - A
| o fim X <k

Also recall the interpretation of IR:



3.1 Impulse Response (IR)

fe(t) S ——h(t)
fe(t —kA) S b he(t—kA)
A-x(kA) fe(t — kA) S A-x(kA)he (t — kA)
i A-x(KA) felt — KA) s ¥/ A-x(kA)he (1 — kA)
\l/ limA_,() \l/ 1imA—>0
[Sox(n)fet—t)dt ——— §  —— [T x(0)he(t —T)d7
L limeso 3 lime—o

[oox(t)é(t—1)dt ———~ 5§ ——— [T x(D)h(t —1)dT

By the sifting property, [ x(7)d(t — 7)dT = x(t), so

x(t) — S +— [x(7)h(t —1)dT

m Example 3.1 Integrator:

Consider an arbitrary input x(z):

y(t)

h(r) xx(t)

x(T)h(t —7)dt
(Du(t—r1)d

. u(t—'r):{l t>7

X

|
Ix
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m Example 3.2 Moving average filter:

() =+ /, " v

w
wJi—3

| Similarly here we know an explicit expression for how y(¢) is evaluated from x(z).

1 [ty Looe(t-y1+Y
= [ e@ar = 4 (1=51+3)
wJr-y ot 0 else
sifting property
1/w
t—5<0<t+3
B t<yort>-3
— w w
} .t —53 <I<3
50 ¥
Consider an arbitrary input x(z).
e 1+ 1
) = / X(T)h(t — T)dt = / X(7)—dt v
—o0 [—% w
/]\
K<t T<B<:> s < ’E<E t
2 2 2 2
— d +t>T>1— ld
2 2
|
= Example 3.3
x(t) —— S —— ()

Y (1) +ay(t) = bx()
zero initial conditions y(—e) =0

Q: Is this an LTT system?'

A: Yes.
xi(t) = yi(t) (@) +ayi(t) =bxi(t) (1
x(t) = y2(t)  ¥3(1) +aya(r) = bxa(t) (2)
o-(1)+ - (2) <= oy [LHS;]+ o [LHS;| = oy [RHS; ] + o [RHS;]

— % [y (t) + 0oy2(t)] +alauyi (1) + cya (t)] = b o x: () + coxa ()]

< y/(t)+ay(t) = bx(t)

TAll systems described by LCCDE with zero initial conditions at fo = —eo are LTI systems! (or else the ZSR is LTI)
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so it is linear.
Similarly for TI: What is the output when the input is x (t —#p)? Check if y (1 — 1) satisfies the
differential equation.

Y (t—to) +ay(t —to) 2 bx (t —to)
/I\
YES (change of variable t —ty = s)

What is A(t)? Set x(1) = 6(z).

W (t)+ah(t) = bS(t) (1)
W (=) =0

fort <0, h(r) = 0 satisfies (1)

fort > 0, h(r) = Ce™ also satisfies (1) (homogeneous equation)

Since C(—a)e * +aCe ™ =0 v

So h(t) = Ce™u(t) is our guess

Check: Substitute our guess for A(t) into (1)

C(—a)e®uft) +Ce “5(t) +aCe_“uft) = bS(t)
< Ce ™8(t) =bd(1)
sampling
= Co(t) =Dbd(1)
property
— C=b

so:
h(t) = be”u(t)
For any input x(¢), the output should be:

y(t) = /_ Zh(: —D)x(t)dt = /_ Z be= (s — 1)x(t)dt

Since in order for u(r — 7) to be not equal to zero, r — 7 > 0 <= t > T, we get

!
V1) = / be 0~ x(t)d7

Compare the above result with the RC system #4. "

Graphical Evaluation of Convolution

Suppose we are given two signals A(¢) and x(7)) and want to evaluate their convolution y(¢) =
(xxh)(t) = [ x(T)h(t — T)dT.

Procedure:
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1. Flip h(t) = h(—7)

h(Tt) h(—1)

2. Shifth(—t) byt = h[—(1—1)]=h(t—1)

h(t—1)
- T
— >0
3. Multiply x(7)h(t — 7)

x(7)
/\\/ .

x(T)h(t — 1)
/_\ - T

\/

4. Integrate with respect to T over —oo to +oo.

This process needs to be repeated for every value of . But as we will see in the following examples,
we can cover all values of r with a few cases.
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= Example 3.4

0 else
> 1
2
3 t>4
x(t) =3u(t—4) = =
2 ( ) {O t<4
Evaluate y(r) = [*_h(t — 7)x(t)d7, Vr (for all ).
2
h(t) =
- T
1 2
1. Reflect:
2
h(—7) =
— -7
-2 -1
2. Shift by 7:
2
h(t—1)
=2 1—1
3. Multiply with x(¢) and integrate with respect to 7.
Three cases:
e Casel:t—1<4 <= t<5:
1 x(7)
3 41
2 41
1~h(4_7’-) t=4s
: - T
1 2 5 6 7
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Since there is no overlap, x(7)h(t — 7) = 0, V7 (for every 1), so‘y(t) =0, r<5.
e Case2:1—-2<4<t—1 < t<bort>5 < 5<t<6:

1 x(7)
3 4

2,,
1,,

h(5.5—-1) t=55s

There is partial overlap in the range 7 € (4,7 — 1). Therefore,

y(t):/_o;x(r)h(t—r)d’r:/;16dT: 6 = 6(1— 1)~ 6(4)

:\6t-30,5<t<6\

e Case3:t—2>4 < t>06:

1 x(7)
3,,
2,,
1,,

h(6.5—71) t=65s

There is overlap for 7 € (t —2,¢ — 1). Hence,

t—1
-1
y(;):/t 6dt =61, ,=6(t—1)—6(—2)=6,t>6

-2

Overall:
0 iftr <5
y(t)=q66—-30 if5<t<6=>6r(—5)—6r(t—06)
6 if6 <t
()
6 1
5 41
4 41
Output response
3 41
2 41
1 41
> 1
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s Example 3.5

x(t) =
: t
1 2 3
2
h(t) =
-t
1 2
1) +2):
2
h(t—1) =
t—2 t—-1

3) + 4): Five Cases

e Case 1:t—1<0 <= t<1l — y(t)=0

37 x(t) A t=0s
2 |1
h(_f) 1+
: -7
-3 -2 -1 1 2 3 4

t—1 _
e Case2:1—2<0<t—1 <= 1<t<2 — y(t):/ T-2d7 = 7|, b (- 1)
0

31 _
x(1) t=1.5s
2
h(1.5—71) 1l
f t t t t ' t T
-3 -2 -1 1 2 3 4

. Case3:t—12>0&t—l<3 = 2<t<4 —
= t—1
y(t):/tiz 2tdt=1|_,=(t—1)—(t—-2=2-3
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31 x(t) A t=3s
2,,
h(3—17) ——
(3-17) 1
f t t ! t T
-3 -2 -1 1 2 3 4
. Case4.'t3—2<3<t—1 = 4<t<S5S —
3
y(t):/t_ZZTdT: 2 =P (-2 =5+4—1
3 x(t) A t=45s
2,,
h(4.5-1)
1,,
1 1 1 1 1 1 > T
-3 -2 -1 1 2 3 4
e Case5:1—2>3 <= t>5 — y(t)=0
3 x(t) A t=55s
2,,
I h(5.5—1)
f t t t t ! t T
-3 -2 -1 1 2 3 4
Overall:
(0 ifr <1
(t—1)* ifl<t<?2
y(it)=¢2t-3 if2<r<4

S5+4r—12 ifd<t<5
0 if5<t
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3.3 Properties of Convolution
1. Commutative:

(e h) () = (h*x) (1) <:>/ ht—1 dr—/ h(z

Indeed start with the LHS and use the change of variables t — 7 =5, —d7T =ds:

/:Ox(r)h(t—r)df_/iw (t —$)h(s)(—ds)

—/h x(t—s)d

=RHS (s or T are dummy variables)

Implication:

this notation means: An LTI system
with IR A(r)

2. Associative:

LTI LTI

xX(t) ———| M)

Y
Ny
NS
—
=~
~—
<
—
~
~—

hy (1) * hy(t)

Thus, the concatenation of 2 LTIs is an LTI with IR h;(¢) x hy(z). But since * is also
commutative, we also have:

xX(t) ——— (t) | () ()

i.e. we can interchange the order of two (or more) LTI systems!

Proof.
LHS = [x(t) % by (t)] * ha(2)
= Z(t) * hg(l‘)
RHS = x(t) * [l () % ho(1)]
= x(t) *w(r)

Write down convolution integrals and do change of variables...boring... O
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Implication of this property:
Definition 3.2 We define the step response (SR) of an LTI system as the output of the
system when the input is the unit step function, i.e.

u(t) —— LTI — hstep(t)

Q: How can we find the SR, i.e. A, (t) from the IR h(t)?

Consider the following system:

LTI
h(t) [ pure
5(@t) ——— h() integrator | y(t) = [" h(t)dT (1)
This is equivalent to
LTI
pure u(t)

o h(r) () = [L.h(T)dT

8(1) ——

integrator

0 ¥(t) = hyep(t) (2). From (1) and (2), we get

hyep(t) = [ _h(t)dt 3.3)

In the same way that u(t) is the integral of 8(¢), hy.,(t) is the integral of A(t). This implies
that

d

h(t) = Ehmp(t) (3.4)

We can use the above to evaluate the IR of a system experimentally by first evaluating /. (?)
(which is easier, since u(f) may be easier to produce in the lab).

Careful: We need to show that the pure integrator is an LTI system!
x(t) = o1x (l) + azxg(l)
t

1) = f e (7) + (7)) d = / 0(7)+ / o(t)dt

—oo —o0

t

= auy1(t) + ony2(t)

Also, for x (r — ) as input

/_:ox(f—to)d’r:/_;tox(s)ds:y(t—to),

where the change of variables s = T —ty,ds = dT was used.
Alternatively: The pure integrator is described by the LCCDE

Y (6) = (1), y(~2) =0

so it is LTI



3.3 Properties of Convolution

3. Distributive:

() sl (0)] =+ [ea (£) % ha (1)) = x(2) # [ (1) + B (1))

h(t)
79— (1)

> hz(t)

Y

x(t) ———— hi(t) +ha(t) —— ()

Proof. Trivial due to the linearity of / . Do it!

= Example 3.6

h (1)
o
4 1
3 1
2 1
1
0 | y
I 1 2
> -
X = )
24 S
1 4
.3
1 2 3 5|
1 1
>
1 2
So h(l) = h](l) +h2(l) = h](l) +5h1(l —2).
For any signal x(¢), we have
x(t)xh(t) =x(t) *[h1 (t) + ha(2)]
=x(t)*h(t) +x(t) xha(1)
=y1() +y2(t)

AND also

ya(r) = Syi(t=2)
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since
hi(t) ——— x(1) ——— ()
S5h(t—2) —— x(t) —— 5yi1(t—2)
Overall:
x(t)xh(t) = yi(t) +5y1(t —2)
so we only need to evaluate a simple convolution of x(¢) with a square pulse. "

= Example 3.7

h(r) x(1)
3 A A
2 |

1 1

hy(t) x1(t)
3 A A
1
-t .t
1 1
+ _
ho(t) x2(t)
1 1
>t > 1
1 2 1 2
+
hs(t)
1 1
t




3.4 Causality and BIBO Stability of LTI Systems 57

h(t) = hy(0) + %hl(t— 1+ %hl(t _2)
x(t)=x1(t) —x1(t—1)

h(t) xx(t) = 6 terms (call y; (7) 2 (1) xx1(2))
=1 (0) + (= 1)+ 33ale2)
—y(t—1)— %MM— %M(f -3)

2 1
Zyl(f)—gyl(f_ 1)—§YI(f_3)
where y; (t) = x1(¢t) *hy1(2). .
4. Convolution with Delta’s:

O(t—to)xh(t)=h(t—ty) (3.5)

Specifically:
O(t)xh(t) =h(t)
Def. of h(t):
o(t) ——— h(t) —— h(r)

(TI)

O(t—tg) — h(t) ——— h(t—1o)

3.4 Causality and BIBO Stability of LTI Systems
We can check if an LTI system is causal/BIBO stable by just looking at its IR.

Proposition 3.2 An LTI system is causal if and only iff 4(t) = 0, V¢ < 0 (for all < 0).

Proof.

* Recall that a system is causal if y(¢) cannot depend on x(7) for T > 1.

* For an LTI system, we always have

¥(t) = x(t) = h(t) = /_ ix(f)h(t —1)de

_/ t—TdT+/+m Ya(t —1)dT

where the first term is the causal part and the second term is the non-causal part.
Consider the non-causal part. By using the change of variables t — T = s, one can rewrite the
non-causal part as:

/ " (e)h(t — t)dT = / Y 2t —$)h(s)ds

—o0
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i) If h(s) =0, Vs < 0 (for all s < 0), then the non-causal part = 0 and

y(t) = /_:Ox(*c)h(t —1)dt

which means the system is causal.
ii) If the system is causal then for every x(¢) the non-causal part
0
‘/ x(t — s)h(s)ds

must be zero. Since this has to be true for all x(t), this implies that A(s) = 0, for all
s <0.

O

By the way, for an LTI system to be memoryless we need that y(¢) is only a function of x(¢). Since
y(t) = / x(T)h(t — t)dr, this implies that i(f — 7) has to be O for all T <7 and for all T > ¢; i.e.

h(s) has to be 0 for all s > 0 and for all s < 0. The only non-zero signal satisfying that is
a Dirac delta (or its derivatives).

ké(t) p) Careful:

dx(t)

= kx(t) x(t) = y(t) = a

is NOT memoryless since you can-
not determine y(¢) from x(¢) alone:

L x(t4€) —x(1)
N sg(l) €

Proposition 3.3 An LTI system is BIBO stable if and only if (z) is "absolutely integrable" i.c.

| ho)lar =m <o .6

Proof.

i) Suppose X(¢) is absolutely integrable (1), and consider any bounded input x(¢), i.e. |x(¢)| <
My, for all t (2).

O 0y h)| = | [ (et - yas

< [ ()l ate =)z

@ e
§M/VMWT

()
<MM

so the output is also bounded = the system is BIBO stable.
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ii) Conversely, suppose (1) does not hold, i.e.
| nolde =< )
and consider the input
h*(=t)
x(t) = 4 4)
D=y @
* x(t) is bounded:
h*(=1) ‘ [h*(=1)]
x(t)| = = =1 <o
= ol = e
* But:
() = x(t) h(t) = / " x(t = D)h(t)dt
In particular:
= @ [~ h(7)
yO—/x—Tth’L':/ ———h(1)d7
0= [ _xonmar® [ Gorsn)
:/W |ﬁ2;/dr:/w Ih(7)|dt 2 oo
so y(¢) is NOT bounded, so the system is NOT BIBO stable.
O

m Example 3.8 Consider an LTI system with impulse response

1
h(t) =e "u(t)

‘ t

The system is known to be causal. Is it BIBO stable?

[ o= [ e tuwlar= e tar= e =1 <

so YES it is BIBO-stable.

3.5 LTl Response to Complex Exponentials and Transfer Function

— So few of you have seen how to evaluate y(z) from x(z) x h(t).

— Recall from EECS 215, RLC circuits, voltage/current when sources are sinusoidal signals

= Example 3.9
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60

R

+

Vi(t) = A;cos (ot + ¢:) @)

V,(t) = A, cos (wor + §,)

When the input is a cosine, the output is a cosine with the SAME frequency but different ampli-

tude/phase. Using "phasors":

For this example,

Input <> A;e’ o
Output <+ A e’ %

(G0 e ]
1+ jayRC

A elfo — A.0l0 =
o¢ O +R

Bode Plots:
Bode Plot
0
—3dB |
-10 F |
<<
o
&0 201 —20 dB/decade i
=
N
30 |- .
» JU/RC
-
|
=y
o (rad/s)
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As it turns out, it is NOT a COINCIDENCE. The output of a sinusoidal signal with frequency
@y is itself a sinusoidal signal with the same frequency (but different amplitude/phase). This is a
GENERAL PROPERTY of LTI Systems!

Consider an LTI system with IR A(z)

LTI

xX(t) ——— (1) (1)

Consider x(t) = e/®", V¢ (for all t), where @ is a fixed frequency.
y(t) =7

Using convolution,

oo

W(t) = x(t) = h(r) = / " x(t = Dh(t)dT = / SO0 p(7)dr

—oo

:/ e/ eI (1) dT

Since ¢/®" doesn’t depend on T, it can be taken out of the integral:

oo

V(1) = ei® / e IO () d

Definition 3.3 For an LTI system with IR A(¢), we define the frequency response function (FRF)
as:

H(jw)2 1 ih(r)e‘jmdr 3.7)

p) Whyisit H(j®) and not just H(®)? Weird...
Later we will define another function (transfer function)

H(s) = / h(1)e **dt, Vs € C (for any s € C) (3.8)

where s = 0 + jw, o is the real part, and @ is the imaginary part. So for 6 = 0 we get

TF = H(s)|s=0+jw =H(jow)=FRF

What did we just show?

(o ——— h(t) | (1) = H(j0)

where H(j®) is a complex number which is constant with respect to ¢.

‘Complex Exponential In — Complex Exponential Out
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This is a remarkable fact! It is not true for other types of signals, and it is not true for non-
LTI systems!

Now let’s ask,

x(t) = A;cos (o + ¢;) h(t) ———y(@)="7

We will use the previous result together with trigonometry and linearity. We know:

j(or+¢;) —j(ot+¢;)
A[COS(Q)I+¢i) :Al‘e +2€

A; . A ;
= (2’ej¢i> /O (2'ej¢i> ol (- 0)t

Due to linearity, the overall output is

A ; A ;
y(t) = E’eﬂf’fﬂ( jo)el® + E’e”q)"H(— jo)e
= how can we further simplify?

For this we need some properties of the FRF.

Properties of the Frequency Response Function

‘ For now assume that /(7) is real. ‘

Property 1: In general H(jo) is a complex number.

Proof.
H(jo) = 1 " h(t)e 1O%dr = L " h(1) [cos (0T) — jsin (07)]dT
= [/m h(t) COS((D‘E)dT] —J [/m h(t) sin(a)f)dr]
where the first term is real and the second term is imaginary. O
Property 2:

* |H(jw)|is even
* /H(jw) is odd

Proof.

H(jo) = /j;h(f)e‘fmdr



3.6 Properties of the Frequency Response Function 63

Take the complex conjugate of both sides:

H*(jo) = (/f;h(rpafwfdr>*

= /m h*(1)e!**dt
Since we are assuming A(7) is real,
H (o) = | h(x)e 7z
~ H(jo)

SO

[H*(jo)| = |H(—jo)| ZH*(jo) = ZH(—jo)
\ J
|H(jo)|=|H(-jo)| —ZH(jo) = ZH(-jo)
(even) (odd)

this property is called
"Hermitian" symmetry
and is a generalization of
even/odd symmetry to
complex functions.

Back to our problem:

How to simplify y(t)

x(t) = A;cos (@t + ¢;)

A; . A .
(1) = Sl H (j)el® + ZL e H (— j)e

= %ejdh H(jo)|e/ U@ gor 4 %e—j@ |H(—jw)|e/“H (10 g=Jor

= %ejdh |H(jo)|e/“ U@ gior 1 %e—jqx |H(jo)|e /41U®) =it
ellortoitZH(jo)] 4 o—jlor+9itZH(jo)]

2
=Ai|H(jo)|cos (ot + ¢+ ZH(jw)) (3.9)

=Ai|H(jo)|
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Summary

For LTI systems: where H(jo) = / h(t)e /®%dt is the FRF of the LTI system.?

Computing the FRF for an LTI Described by an LCCDE
m Example 3.10 Consider a BIBO-stable LTI system described by the following LCCDE:

Y!(£) 3y (1) +2y(r) = 4x(t) + 5x'(¢)

Q: How can we evaluate H(j®)?
A: Find h(t) from the LCCDE and then

H(jo) = /:h(r)e_jmdr

Hard! Instead, there is a much easier way! Since this is an LTI BIBO-stable, when the input is

x(t) = e/, the output is y(t) = H(jw)e/?:

Substituting these into the LCCDE,

(jo)?H(jo)e* + 3 joH (jo)e’ +2H (jo)e’ = 4677 + 5 jne”
= H(jo)[(jo)*+3jo+2] =4+5jo
445jw
(jo)?+3jo+2

— H(jo)=

Following exactly the same procedure for the general case

LoodWye) @ dVx(r)
ay———— = bli
kg;) dt* 1;) dr!

we get

_ Yohi(jo)

HUO) = S (o)

p Eigenvalues/Eigenvectors:

2 All these results assumed that H(j®) is well defined, i.e. the integral
Hjo) 2 / " h(t)e 19%dr
exists. This is true if 4(¢) is absolutely integrable, i.e.
/:, |h(T)|dT < oo

Recall that this is also the condition for BIBO stability. So FRF exists if the system is BIBO stable.

(3.10)
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Definition 3.4 For a square n x n matrix A, we say that the n x 1 vector & is an eigen-
vector (e-vector) of A with corresponding eigenvalue (e-value) A € C if

A-E=AZ (G.11)

= Example 3.11

then

and

L 1
:Cz|:ﬁ:|,/124

are two pairs of e-vectors/e-values of A. Indeed,
L |2 21 (V2] [2v2—v2]  [V2] 2]
sa=| 0 5] =[5 L e [ e

You can think of 4 = A& as a system

7= A&

Then the e-vector has the property that if it is the input to this system, the output will be a
scaled version of the input (with scaling factor the corresponding e-value)

X —— A

|

e-vector
of A

M

For continuous-time signals and systems, eigenfunctions (e-functions) are analogous to
e-vectors.
Definition 3.5 For a system S with input x(¢) and output y(¢), we say that ¢(z) is an
e-function of S (with corresponding e-value A) if

¢(t) ——— S Ao (1)

What we showed earlier is that for LTI (BIBO-stable) systems, complex exponentials ¢ (1) =
e/®" are e-functions with corresponding e-values A = H(j®).

LTI

Oo(t) = e/ ———— H(jo) ——— Apo(t) = H(jo)el®
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Q: Why are e-functions of S important?
A: Suppose ¢1(t), g2(t), ..., @(t), ... are e-functions of S with corresponding e-values A,

Dy ey My o
S[oe] (1) = M@r(t) (3.12)

* Suppose the input x(¢) can be written as a linear combination of e-functions, e.g.

x(1) =Y arde(t) (3.13)
k
* Suppose the system S is linear.
¢ Then the output y(z) is
y(1) =Sk]() =S [Zak¢k] (1) (3.14)
k
(linearity) = Y aS[¢x] (1) (3.15)
k
(e-function) = )" ax i@y (1) (3.16)
k

which is also a linear combination of ¢’s with coefficients by = Azay.

* No need for complicated calculations to find y(¢) ... (as long as we know e-functions,
e-values, and coefficients a;’s).



[4. Fourier Series

Motivation: Consider an LTI system with FRF H(jo).

ejwt I

H(jw)el®

or

cos(wt+¢)

|H(jw)|cos (ot + ¢ + LH(jw))

and using linearity:

Alejw” _|_Azej602f [ S

AiH (jan) e/ + Ay H (jan) e/®!

or

Ajcos (it +¢p)
+ A cos (mf + )

A ‘H(jw1)|COS((l)1t—|—¢1 —I—ZH(](I)l))
+ Az |H (jan)|cos (ot + ¢+ LH (jon))

Q: Wouldn’t it be nice if we could express (approximately) any signal x(¢) as a linear combina-

tion of complex exponentials?
e.g.

x(

Then using linearity,

l) ~ ZAkejwk[
k

x(t) ~ i Age! M ———

S (1) = L AH (jor) e/

so evaluation of y(¢) is a simple task (no need for complicated convolution!)

A: Guess what: This can be done exactly (i.e. no approximation) for any periodic signal x(7).

— Fourier Series

4.1 Fourier Series (Complex Exponential Form)

Joseph Fourier 1768 — 1830
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Proposition 4.1 — Fourier Series. Consider a piecewise continuous periodic function x(z) (real
or complex) with period Ty. Then x(¢) can be represented exactly as a linear combination of
infinitely many complex exponentials:

xX(1) = L cne?™, o = F 4.1)

for appropriately defined constants ..., c_», c_1, cg, €1, C2, - - ..

The representation in Equation (4.1) is called the "complex exponential Fourier Series" and the
coefficients {c,} = _ are called the "Complex Fourier Coefficients."

Nn—=—oo

Several Remarks:

p) The series contains complex exponentials with positive and negative frequencies. Recall

Both positive and negative frequency complex exponentials are required to represent real
signals. E.g.

eIO! 4 ot

cos (@) = 5

¢ The angular frequency wy = ZT—Z)T is called the fundamental frequency.

e The +n'™ term in the expansion ¢,e/®" and c_,e/®" involves a complex exponential
with frequency nwy and —nwy. £nay is called the n™ harmonic.

* The term corresponding to n = 0 is cpe/®" = ¢y is called the DC term.

p) There are some mild conditions for x(¢) to have a Fourier Series representation:

* x(¢) has to be piecewise continuous

* At the points of discontinuity of x(z) we can write

x(1) +x(t7)
2
/I\

average value of the
right and left limits
at the discontinuity

ni‘” Cnejnwnt —

n=—oo
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So we learned that every piecewise continuous periodic function can be represented by an infinite
sum of complex exponentials with frequencies being integer multiples of the fundamental frequency.

Q: But what are the appropriate coefficients ¢, ?

A: Let’s evaluate the m™ coefficient ¢,,

n=o00
x()="Y cae/™"

n=—oo

Ty . Ty [ n=e . .
— / x(t)e_Jma’Otdt:/ Y, cud M | eI dr
0 0

n—=—oo

= T .
= X af el 4.2)
0

n——oo

where we need to evaluate the integral in Equation (4.2).

To
/ 1dt =Ty
0

e Casel: lf n=m

* Case2: Ifn#m

eja)o(nfm)t To

joo(n—m)|
eJo(n—m)Ty _ ,joxn(n—m)-0
Jjao(n—m)
1

Jjwo(n—m)

To .
/ e]a)()("_m)tdt —
0

=0!

Substitute back these numbers in Equation (4.2)

Ty . ind T ifn=
/ x(t)eijwom’dt: Z Cn {OO Hn=m
0

ne—oo ifn#m

=cnTo

— Cm:TLo oTOX(l‘)e_j‘“O’"’dt forallm=---—-2,-1,0,1,2,...

R ) You can perform this integral over any interval of duration Tj since x(t)e /@™ is periodic
with period Tp.

m Example 4.1

x(t) =

0 1 2 3 4 5
<—— To —
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x(t) is periodic with period Ty = 2, wy = 2T—’Or = 27” =7.

Then

1 .
Cn = ?x(t)efjwomdt

1 ! jTnt
=— /)
2Ae

e Case l: If n=0,

e Case2: If n#0,

1 e—jnm e jnm 1
e 2 —jnxm —j2nm
— Case 2a: If n = even:
c, =0
— Case 2b: If n = odd:
—1-1 1
Ccp = —
" —jnm jnrm
So overall
I ifn=0
;=10 if n = even
1 e
Tz if n = odd
and
_ c ejna)gt — c ejnm
Y ooy Lo
=co+ e]nn' .78]1177:
n=—oo n=1 Jnw
n odd n odd
k=—n
ikt R 1 inTt
=co+ ey —e
kzl k7r n; jnm
k odd n odd
1 +oo 1 ejnm‘ — e Jnmt
= — _— _—_— 2
R My ( 2j ) /
nodd sin(nmr)
7+Zn_1+ —sin (nmt)
- nodd
1 2 2 2
= —+ —sin(xwt) + —sin(37xt) + — sin(S57xt
5 T sin(mr) + — sin(37t) + — sin(5mr) +
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4.1.1 Demo

Consider a better and better approximation of x(¢) by including more and more terms of this series.

DC + 1%
DC + 15t + 3

780"
T e N T
DC/0™ term Py L

Gibbs
phenomenon
at points of discontinuity

4.2 Magnitude/Phase Spectrum of Fourier Coefficients

It is useful sometimes to plot the magnitude and phase of the Fourier coefficients, c,.

|co

lc1]

Iioiz'”

Zcy

m Example 4.2 Previous Example

3 ifn=0 I ifn=0
=40 ifn=even = |c,| =<0 ifn=even
jﬁ if n = odd ﬁ if n = odd
0 if n =even
if n = odd
e, = i . . 0
1 i 5 1Hn<
Ajm—é—ﬂ’n—{ odd

ST
—_
=N
=
\Y
o
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(S

*
*
*

N

S

Observe in this example that |c,| is an even function of n and Zc, is an odd function of n. This is
not a coincidence:

Proposition 4.2 For a real signal x(¢), the Fourier coefficients satisfy the following:

ch Vn (for all n)

N

lc_nl = lcj] = leal Len=Lck=—Le,

Proof. From definitions,

1 D .
cn=— [ x(t)e 7/™"dt
T Jo
1 rh . * 1 s .
= )= </ x(t)e]w”"’dt> = —/ x*(t)e! ™™ dt
Ty Jo Ty Jo real
def
= C—n

4.3 Trigonometric Form of Fourier Series

When x(¢) is real, it is more useful sometimes to represent x(7) by a weighted sum of harmonically
related sin and cos functions.

o0 oo
x(t) =ap+ Y aycos (wynt) + Y bysin(awpnt) (4.3)
n=1 n=1
where the coefficients ag, ai, ..., by, by, ... are real-valued. This is called the Trigonometric

Fourier Series.
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How is this related to the complex-exponential Fourier Series?

Recall the complex-exponential Fourier Series

oo
=) el

real n=—oco
= coel O™ + Z cpe!" ™ 4 Z cpelm !
n=-—oo n=1
—_———
m=—n

=co+ Zc, e f’"w‘)’—l—Zc eln !

n=1

m=1
= i (cn ejnwot + (cpe™™")

Using the identity @ + a* =2Re{a}, we get
x(1)=co+ ) 2Re{c,e” ™} 4.4)
n=1

Now using ¢, = Re{c,} + jIm{c,} and Euler’s identity e/’ = cos (nwyt) + jsin (wpt), we can
rewrite x(t) as:

oo
x(1) =co+ Y 2{Re[c,]cos (nwor) — 2Im [c,] sin (neyt) }

n=1

oo +oo
= ¢co + Y 2Re{c,}cos(nwyt) + —2Im{c¢,} sin (nwyt
0 z; {cn} cos (naxt) + Y {cn} sin (nayt)

ap an n=1 by
o0 oo
=ag+ Y aycos(nwyt) + Y bysin (noxt) (4.5)
n=1 n=1

The trigonometric Fourier Series representation contains cos and sin of harmonic frequencies nay,
n=1,2,3,.... In the trigonometric Fourier Series,

1 [T
ao:cozTo/o x(t)dr e R

1 s ;
a, =2Re{c,} =2Re —/ x(t)e 7" dt
To Jo

2 T
_ = / x(1) cos (nat) dr
Ty Jo

1 rh .
b, = —2Im{c,} = —ZIm{/ x(t)ej“’o"’dt}
To Jo

2 T
_ = / x(¢) sin (nayt) dt
Ty Jo

» Example 4.3 In the previous example,
I ifn=0
cn=+40 if n =even
L ifn=o0dd
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SO
1
a():CQZE
0 ifn=-even
a, =2Re{c,} =
" fen} {0 if n = odd
b 2Im {e,} {O n =even
n = T£IMACny = i\ -l 2
SO

2 _
1 +o0 2 ] i_
x(t) = 54—0—1— ) Esm(nw’ot
n=1

n=odd

There is also a third way to express the Fourier Series of a real signal x(z).

Consider the previous derivation, Equation (4.4),

n=1

find .
x(t)=-=co+ Z 2Re{c e/ ™}
/]\

|cnl ef4cn

oo o
=co+ ) 2Re { |cal e’lc"e]"w“’}
n=1

~+oo
=co+ Z 2|eq| cos (nant + Zey)

n=1
(polar-form Fourier Series) contains only cosines of harmonic frequencies @y, 2wy, 3@y, - . ..
= Example 4.4
1 =

2 b4
X(t) = 5‘}‘ Z %COS (l’la)()t— 5)

n=1

n = odd
since
1 e
2 lf n—= 0
;=10 if n = even
L ifn=o0dd

jmn

4.4 Periodic Signals through LTI Systems

Consider a periodic signal x(¢) expressed through the Fourier Series as

oo ,
x(t) = Z cpe/" !

n—=-—oo

(real

=) ag+ Y ancos(nw) + Y bysin (noor)
n=1 n=1

(real) co+ Z 2|cp|cos (nopt + Zcy,)

n=1

oo
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and a BIBO-stable LTI system with FRF H(j®). The output y(z) is given by

g .
Y1) =} caHl (jnay)e™™

n—=—oo

=coH(jO)+ Z 2|eq| |H (jnay)|cos (nwot + ZLe, + ZH (jnay))

n=1

Note that each term in the series is affected differently because H (jnay) depends on the harmonic
frequency.

m Example 4.5 Periodic Square Wave through RC Circuit:

x(t) =
t
0 1 2 3 4 5
<— To —>
‘We saw earlier that
. ;  ifn=0
x(t) = Z ™ c,={0  ifn=even
= J% if n = odd
1 =
=3 + ;—cos (nwot 5)
sin(nayt)
Consider the RC circuit
R
+
x(1) <+> ——C ¥
i(t) _
-
. 1/joC 1
H(jo)= ./ = .
1/joC+R 1+4+RCjo
) 1
|H(jo)| =

V 1+ (RCw)?

ZH(jo) = —tan"! (RCw)
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Lowpass
Filter

()
w
—45° 1= ‘
—90° [
¥ I i ‘ I s nog=nr
-5 -3 -1 1
90°
= = = = = nwy =nm

-90°

Output:

-2 -1 0 1 2 3 4 5

where the red and green curves represent the output for two different values of RC. See MATLAB
Demo / (or real time GNURADIO). n

m Example 4.6 Periodic signal through differentiator.
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Consider the system

Q: Is it LTT?

A: YES, y(t) = ) (LCCDE)

Q: What is the FRF?
A: Hard to evaluate /(z) and then H(j®) because h(t) = &'(z)!

Easier way:
x(t) = e/
Y1) =x(1) = (jo)
~——
H(jo)
soH(jo) = jo.
H(jo)| = |ol
Highpass
Filter
- o
/2 >0
()=
—rm/2 ®<O0
/2
- ®

/2
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If x(¢) is periodic then

This can be verified by differentiating directly x(z):

dx(t) = d ; o . -
= L e =} cu(jnan) e

n—=-—oo0 n—=—oo

m Example 4.7 Periodic signal through a pure delay.
Consider the system

Q: Is it LTT?
A: YES (proved it a long time ago)

Q: What is its FRF?

e Method A:

o0

h(t) =68(t—1) = H(ja)):/ §(t —to)e ¥ dt = e~

—oo

e Method B:

x(t) — eja)t — y(l‘) _ eja)(tfto) _ efja)to eja)t

H(jo)
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H(jo)| =1

\ all pass filter

- @

ZH(jo)= -t

If x(¢) is periodic,

Nn—=—oo

t)= e H (jnay) = Cnejnwo(t—to)
W)=Y cuH(jno)= Y

n—=—oo n—=—oo

e—jna)oto

=x(t—1y) asexpected!

4.5 Parseval’s Theorem

Consider a periodic signal x(¢) with period Tj and the Fourier Series

oo _
x(t) =Y, cpe"™

n—-—oo
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Q: What is the average power of x()?
A: We know that for a periodic signal,

Pae = [ ()2 de
wg—’n) X

() (£ ) a

n=—oo m=—oo
+oo .
/ Z cpel" ! Y, cpe M | ar
n—-—oo m=-—o0
TO ~+o0 ~+oo

Z Z CnCly * pl(n=m)ant gy

N——oom——0o0
|-

(n—m) ot
Tonz Z CnCp /ef dt

——00o=—00

Y ————
recall that we have
evaluated this!

_JO n#Em
N To n=m
m
TOT oo+
0
0 — Xy
n R n=—ocom=—oo

SO

chc /e

n_—oo

=

Proposition 4.3 — Parseval’s Theorem for Fourier Series.

Pug =Y leal (4.6)

Interpretation: each harmonic (i.e. the n'") contributes ]cn\z to the total power. If x(¢) is real then
en=c*, = |ca* = |c_n|% both the n' and (—n)™ harmonics contribute the same, so

oo
Pug=lco* + Y 2leal 4.7
T o=l T
power in the
DC power th harmonic

(positive +
negative)
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Compare this with the polar form of the Fourier Series

oo
x(t)= co + Z 2|ep| cos (nant + Zey,)
n=1 -
A2
DC power Acos (o) — power

2
|col® $0 (2\c2,1|)27 =2c,|?

» Example 4.8 When approximating a signal x(¢) by a finite number of terms (say N),

N N
x(t)~ Y "™ =co+ Y 2|ca| cos (nayt + Ley)
n=—N n=1

we can choose N so that 99% of the power of the original signal is included in the approximation!

Choose N such that

N oo
lcol* + ¥ 2]eul* > 0.99( |eo* + ¥ 2[eal®
n=1 n=1

/]\

total power

A plot of |¢,|? vs. n or nay is called a power spectrum.

| |
m Example 4.9 Square Wave:
x(t) =
>
0 1 2 3 4 5
<— To ——>
1 2 5 1 /1 1
| A O dt== [ ldt=~ 4.
e =7 | @) Pdi = [ 1di=2 (48)
Recall:
3 ifn=0
;=10 if n = even
1 e
T if n = odd
From Parseval’s Theorem,
) & 2
Pavg = ’C0| + Z 2|C,1’
n=1
—— 2 —

4 +n;1 <7L'n>
n=odd

1 &2

= — 4.9
4 +n§’1 m2n? 4.9)

n=odd
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Since (4.8) = (4.9) = we just discovered a nice algebraic expression or series:

1 =02 1 RE N

- = e — == 4.10

4 +n;1 mn? 2 ng'l n? 8 ( )
n=odd n=odd

Geometric Interpretation of Fourier Series

Consider the 2D space R? (our results generalize) and a system of coordinates defined through the
vectors @1, ¢;.

Any vector & € R? can be written as a weighted sum & = ¢; (51 + C2$2.

c.g. 51 = |:?:| B 52 - |:i:|

T = [H =2¢1+3¢,

How can we find these coefficients c;, ¢»?

X V1
Definition 4.1 The dot product between two vectors £ = | ! | and gy = | ! | is
Xn Yn
n
< &G >=Y xyi 4.11)
i=1
X1
The length of a vector & = | : | is
Xn

n
&)= /Y 2 =V<Z,&> (4.12)
i=1

Q: Given a coordinate system ¢, ¢, and a vector &, how can we express & as a weighted sum of
¢1 and (bz?

i.e.
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T=ci1p1+c2¢

A: We "project” & on d_;l and on qu, i.e. we take the dot product of & with d_;l and 52 as folows:

<Z, 1 >=<ci1¢1+c2¢, 1 >
=c; < q;l , q;l >+ < 52, q;l > (due to linearity of the dot product operator)

< T, b1 >=< m , m >=7245-1=19, < @, >=< m , m >=5,and < ¢, P >=

[ e

Similarly, we "project" to 52

19 =5¢; +3c2 (4.13)

<E,p2 > =<c1p1+c2¢2, P2 >
=c1 < Q1,2 > 42 < P, p2 >

L 70 |1 - - - - 1| |1
< E, g >=< [S] , H >=T-145-1=12, < ¢1,¢p» >=3, and < ¢2, Py >=< H , H >=2,
SO

12 =3¢ +2¢, (4.14)
Solve the linear system of equations.
(4.13), 414) = c1=2,c2=3

Observed that ¢y, ¢, have to be found jointly through a solution of a 2 x 2 linear system. In general,
for vectors in R"” we need to solve an n X n linear system!

Q: What about other coordinate systems?
A: There is one set of coordinates which is "better" (i.e. easier to work with) than others.

Definition 4.2 We say two vectors &, ¥ are orthogonal to each other (notation & | %) if
<Z,y>=0 (4.15)

E.g.
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] 7=}

]!
Il

<@,y >=(—1)(1)+1(1)=0s0 ¢ L ¢,

Assume (51 1 $2 and apply the previous procedure.

- 112
‘ )d)l ‘ ‘ 0 orthogonal
<£@>=q<¢w%>+q<@,1>
<& P >
61:7_’ 3
4]
Similarly,
- |12
0 I
<EB>=a<d >t <d >
<f,$2>
62:7_* )
]

So, no need to solve a linear system of equations, e.g. for 51 = [H , 52 = [_11] ,and & = [Q s

< 7 ! >
50711 7-1+5-1 6
Cl = — = =
11° 2
1
< 7] [ >
5171 —745 |
6‘2 = = = —
11117 2
1
o)
T =6¢1 — ¢
In general in R" if (;7; 1 52, . qz;n are orthogonal, then any vector & can be written as
n
E=) ci; (4.16)
i=1
with
<Y, >
G SL®i> o, 4.17)
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Q: How are all these related to Fourier Series of periodic signals?
A: We can think of a periodic signal x(z) as a "vector" in an c-dimensional space and the complex
exponentials

Ou(t) = ™™ n=0,+£1,£2,... (4.18)

as vectors defining the coordinate system.

(1)

A

¢1(7)

¢3(1)
Definition 4.3 We define the inner product (generalization of dot product) between signals as

Ty
< x(1),y(t) >= /O (1) (1)dr (4.19)

Also,

(@] = V< x(),x(1) > = /OT x(1)[*dr = \/? (4.20)

energy of x
We say two signals are orthogonal
T
x(t) Ly(t) <= <x(1),y(t) >=0 — / x(t)y*(t)dt = 0 (as before) (4.21)
0
We would like to express as signal x(¢) as
x(t) =} cntn(t) (4.22)
Tt

ejna)gt

Fact:

On(t) L @(t), Vn#m (4.23)
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Indeed,
< 0u(0).0ul0) > = [ e () ar (4.24)
0
T |
= / /N L = 0, n £ m (4.25)
0
Also,
2 LY
a1 = [ [er e far =T (426)
0

Following the same ideas as in the case of 2D vectors, since ¢,’s are orthogonal we can write:

— < X(l),¢,2(t) > o fOTx([)e*jnwotdt
TAOIR T
17 ,
- ?/o x(t)e ™ gy (4.27)

But this is exactly the Fourier Series coefficients!

4.7 Summary

Fourier Series is nothing more (nothing less) than a representation of a "vector" as a weighted sum
of orthogonal "vectors"

4

Geometric Interpretation

R) We need to work in an eo-dimensional space! (unlike R" which is n-dimensional).

4.7.1 Approximation of Vectors

* What is the "best" approximation of & that lies in the line determined by $n?

* What is the "best" approximation of & that lies in the plane defined by 51, &2?
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4.7 Summary

-

?1

General statement: Given a vector & € R” and a set of orthogonal vectors _’1, _’2, e, _’N N < n),
g

what is the "best" approximation of & in the form

=

>

T= iDi

I
—_

—

what are these coeff’s?

depends on what we mean with "best" approximation.
For us, "best" will mean that the approximation minimizes the "length" of the error.

min | Z—Z ||
ClyeensCn \:—/
e

8 O

Sl

o 81
|
8 &

&

»
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Proposition 4.4 The "best" approximation can be found by the orthogonal projection of & on
the space spanned by ¢;’s

<T, P>
¢ w’f)lz (4.28)
|
Proof.
2
mg'n f—;ciflgz‘
——
1
2 2
J= i’—Zc,’q_b'i = ||x])*+ Zciﬁgi —2ZCi<£,$i>
i i i
J
—_ 2 —_
=Y |é| —2Xa<z > (4.29)
i i

To minimize':

(26{=0<:>2Ci bi 2_2<£7$i>:0
C_<i@>
i= o2
||

O

Q: Given an arbitrary signal x(7) and a set of orthogonal functions ¢;(z),...,¢xn(t) (N possibly
o) over [, 3], how should we choose ¢i,¢3,. .., ¢ such that YN | &¢;(¢) is as "close" to x(t) as
possible over an interval [, B]?

A: It depends on what we mean by "close." One criterion is to change c;’s so that we minimize the

1Or alternatively, "complete the squares” in Equation (4.29)

&l

>+ < E,

2 -
—2¢i||pi||- < T,

i

S

E)

¥ (

2
7<a’:’,¢f"|> — <&, il >2
é| |

to minimize set to 0

i
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integrated square error (ISE).
N
e(t) =x(1)—)_ &¢;(t) (error) (4.30)
i=1
: Boop :
ise = / le(t)|“dt (energy of the difference over [a, b)) (4.31)
o
Proposition 4.5 Fact: The ISE is minimized by

[16:(2)]?
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Proof.
ISE= [ |e(t)|dt

(04

5 2
/ Zcz¢z

B N 2

-~ / (1) 2+ aoi(0)| dr
« @ i=1
¢ A

(orthogonality) ~ 2
= 6l 119:(2)]|
>

B——2Re {/f (im(z)) x*(t)dt}

N B n
:;Re{—Zci/a 0:(t)x* } ;Re{ 26 < 9i(1),x(1) >}

C does not depend on ¢&;’s

A+B=Y {16 110:0)|P ~ 2Re {65 < (0),x(0) >} }

{ =2||¢i(t)||2—2Re{5iH¢l( ) <

L ||¢z(t)||

complete the square

TS e
/I\

does not depend on ¢;’s

e 00 N e P
(”W” |mnrm>> '<wmm*”>
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To minimize, set

N %ilt) oy o
= Ta@n < Tloon ™"~
= |M>(1t)||2 < @i(1),x(2) >~

B
& [ e wa

And for [o, 8] = [0,T] and ¢,(t) = e/"™" we get &, = %fOTx(t)e_j"“’U’dt, i.e. EXACTLY the
Fourier Series coefficients. O

Summary: The "best" (in terms of minimizing the ISE) approximation of a signal using a finite
number of complex exponentials is given again by a finite (truncated) Fourier Series!






[5. Fourier Transform

Intfroduction to Fourier Transformn and Derivation

We have seen that any” periodic signal x(¢) with period Ty can be represented as a Fourier Series (a
weighted sum of complex exponentials)

g . 2
)= ¥ o™, o=

n—-—oo
with

1

ch=—

To .
/ x(t)e /"™ dt
0

The Fourier Transform (FT) is the extension of this idea to non-periodic signals. We will "derive"
the Fourier Transform as a limit of the Fourier Series of a periodic signal as Ty — oo.

Consider a non-periodic signal x() (e.g. x(¢) = rect(r))

1
> 1
11
2 2
Create a periodic extension of this signal with period 7y
—+oo
5 (t) = Z x(t —nTy)
n——oo
/l\
delayed version of x(¢)
by nTy
2Ty (t ) =
1 1 1 1 1
| | | | | >t
—2Ty Ty 0 Ty 2Ty

Clearly z7,(¢) is periodic. Also, as Ty — oo, z7,(f) "resembles" more and more x(t) over a longer
range of values of ¢
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x(t)
: t
0
2Ty (t )
: t
0
< Ty =
2Ty (t )
: t
0
Ty
2Ty (t )
: t
0
Ty
Let’s examine the Fourier Series of z7, (1)
Ra 2
7 (t) = Z cnel" ™y = ==
n=—oo To

1 (T .
Cp = —/ 27, (t)e /"
Ty Jo

In our example:

! sinc(nwo)
= — —
" 2
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x(1)
A
t
|cal
A
T()=SS
00()=2§”
||||.| |.||||w
—mp o
|cul
A
T0/=IOS
_2
W)= o
(0]
|cal
A
T()”=205
2
oy = 3¢

a1 T—

In the limit, as Ty — oo, z7, (f) — x(¢), and the spectrum of z7, () becomese a continuous function
of w (call it X (jm)).



96

Chapter 5. Fourier Transform

See MATLAB demo.

As

T0—>°°
2r

W=7 —0

ZTO(Z) —>x(t)
nwy — o

Also,

X(jo)|
-
1 Ty
L — jnot
Cp = T /TZOZTO(t)e dt (5.1)
1 .
75, (1) = Z cpe’" ™! (5.2)

n——oo

(line spectrum becomes continuous)

TiO (e}
82) = CnTOZ/ZTO zpy (1)e " —>/ x(t)e " dt
T .
———
£ x(jo)

| :
(8.3) = zz(1) = T Y (caTp)e™™
0

n—=—oo

+oo Ty
(0] /7 — jnayt inwot
= — 7 (1)e " dr | e!
27:,,_00[ ) “—

S~—— ~ \
{ X(jo) el

so in the limit as Ty — oo we get

1 = .
x() =5 l X(jo)e!®do

Definition 5.1 — Fourier Transform. We say that

X(jo) 2 [ o;x(t)e_j“”dt (5.3)
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is the Fourier Transform of x(t) and

X(t) = % / jx( j0)e®do 5.4)

Notation:

x(t) ¢Z5 X (jo)

L1

FT pair
X(jo) =7 {x(t)}. x(t) = 7 {X(jo)}

* A sufficient condition for existence of X (j) is that
i) x(¢) is absolutely integrable, i.c.

/:o Ix(t)[di < oo

ii) x(t) is piecewise continuous
* Furthermore, if x(¢) is differentiable at all points of continuity and the left/right deriva-
tives exist at all points then X (j®) is continuous and the inverse transform exists
for all 7.

5.1.1 Interpretation

Think of integral as a sum:
1 [ ;
=— [ X(jo)e”dw
x0) =5 [ X(je

o0
~ li X(inAw Jj(nAw)t
Ac})IEO n ;w (]n )gﬁ/—’
fr
complex
exponential
with freq
n-A®w
* Every signal is a weighted sum of complex exponentials
* Unlike periodic signals where only the harmonics nay of the fundamental frequency are

entering in the description, here we need complex exponentials of all possible frequencies
® € (—oo,+00).

R) A note about ﬁ factor in the inverse Fourier Transform:
If instead of angular frequency ® we use natural frequency f = 5> then we can redefine

X(jf) = /"’° x(t)e 72y (5.5)
) = 57 | RUnEP 2y
= [ RGpersras (56)

so the two equations are symmetric.
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5.2 Examples of Fourier Transform Pairs
1.

t\ 7 . T
rect <7) <— T-8inc (—)
T 2n

Proof. x(r) =rect (%)

(S]]

—jo 2jo
Zsin () 1/2 _sin(%)
T e 1T e

T

Effect of 7:

Pl
Pl

X(jo)

_4n 2=z 2n 4m
T T T T

Suppose we decrease T, which means a narrower pulse in time.

(5.7)
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x(t)

The Fourier Transform spreads! (uncertainty principle!)

2.
1) = e “u(t) <> Voo >0 5.8
) = ule) S o 68)
1
Proof. +(1) =& “ult). @ >0 \
> 1
/ x(t)e /¥ dr = / e MMy
(e} 0
+oo e~ (atjo) e
/ —(a+jo) tdt —
0 —(o+jo) o
B 1 1
T —(a+tjo)  o+jo
This result is true even if & is a complex number and Re {a} > 0. O
3.
1) =e ol Ya >0 5.9
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Proof.

0
e %=1, ]wth_ 70“6 Jot gy

—oo

/ O!]wldt+/ OH—]COl‘dl,

+o0

/ x(t)e 7 dr = / el gmior gy

e~ (a+jo)t

oc—ja)

+ =
. —letjo)|
1 1 20
=
o—jo o+jo  o*+o

This result also holds for complex values of o, with Re{a} > 0. O

Va 1

X(t) =te M(t) — W’ Re{a} >0 (510)

Proof. Let’s do a trick: We know

1
a+jo

e “u(r) EAN

0

1 ° ;
— = / e “u(t)e 1dt
a+jo oo
Take the derivative of both sides with respect to «, i.e. %:

d 1 o )
— = —te Y u(t)e 1 dt
do <a+jw> /foo e ult)e

d 1 e —at —jot
= —— _ :/ te"“u(t)e ¥ dt
doa \o+jo —oo

X(jo)

So
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5.
§1) <251 (5.11)
Proof.
: _ °° —jor _ °° —jot _ —jor _
X(jo) —[wx(t)e J dt_[mé(t)e jorge = gior| =1
Alternative derivation: Consider x¢(f) = Lrect(%). Recall that
t F . wWE
rect (7> +— €sinc (—)
€ 2n
SO
N 7 . WE
rect <7> +— €sinc (—)
€ 2n
le—=0 le—=0
5(1) <250
X(jo)
1 3
_2n 2n
4 €
. . wE
lim sinc <—) =1,s0
-0 2n
§(1) <251
O
So far we have seen examples where x(z) satisfies the sufficient conditions stated earlier for
the existence of Fourier Transform. But we are also interested in the Fourier Transform of
other functions such as &8(t), u(t), ¢/*’, and cos (wyt) which are not absolutely integrable. It
is common to extend the theory formally to include these functions.
6.

x(t) = 1<% 218 (o) (5.12)

Proof. x(t) is not absolutely integrable, so consider xg () = e~ €| 9.
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xe(t)
. e—0
1
-t
_ 78‘1“ F X . (CL?)) 28
Xg<t)—€ <—> g(](()) = m
le—=0 le—=0
1¢759
X(jo)
y e—0

2¢e
Zro? A€

As it turns out the family of functions X, (jo) =

i) even

ii) have area =27
iii) limg,0Xe(jo) =0, 0 #0
iv) limg_0Xe(jO) =0, @ =0

Therefore,

X(j©) = lim Xe(jo) = 275(0)

What is the interpretation of this result?

* The signal x(r) = 1 is constant, so it only has a DC component. That’s why X (jo) =
0, Yo # 0 (for all @ # 0) except at @ = 0 (DC term)!

™ 7 018 (@ — a) (5.13)
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Proof. Since |x(t)| = ’ej (ot ‘ = 1, it is not absolutely integrable, so we can think of x¢(¢) =
el = ll __y giont
e—0

Xe(j) = F {xe(0)} = [ e ey

-/ T eellgmio-anr gy

(ex.3) . ((ig_ ™ 0075 (0 — )
]
Interpretation: ¢/ is a complex exponential at frequency @y so X (j®) is 0 Vo # @y (for
all o # ay).
8.
cos (opt) Z o (®— ) +7md (0 + ap) (5.14a)
sin(a)ot)<£>§5(w—a)o)—§5(a)+wo) (5.14b)

Proof. We will see later that .% {-} is a linear operator, i.e.

FAox(t)+Bxa(t)} = aZ {x1(t)} + BF {x2(t)}
e/ | o= oot

)=
cos (o) >
1 ; 1 .
F {cos (wpt)} = Eﬁ{e”’o’} - Eﬂ{eﬂw"t}
1 1
= Z2716 (0— )+ 227t6 (0+ ay)
and similarly for sin (oyt).
: > (D
— @y 0 Wo
O
9. Consider a periodic function x(¢) with Fourier Series
oo '
x(t) =Y cpe"™
n——oo
Then, using linearity of Fourier Transform, we have
X(jo)=F Z cpel" L — Z cnF {"™'}
n—=—oo n—=—oo
~+oo
= Y cu6(w—nay) (5.15)

n——oo
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X(jo)

1+TI IT+1;(D

10.
san(t) <% = (5.16)
g I .
Proof. Again, since |sgn(t)| = 1, this is NOT an absolutely integrable signal, so consider
xe(t) = sgn(r) - e €M,
2jo
Xe(joo) == —
e(j) £2 4 ?
SO
. . . 2jo 2
X(jo) = limX,(jo)= "o o
O
11.
(1) <% 168(0) + — (5.17)
u — .
jo
Proof.
1 1 2 12 1
t)=—sgn(t)+ = ——+ 278
u(r) 2sgn( )+2 <—>ij+2 né(w)
O

Although we have been quite careless in deriving these results (interchanging limits and integrals),
the Fourier Transform pairs give the correct results when you apply them to actual problems.

5.3 Properties of the Fourier Transform

5.3.1 Linearity
If

then for all constants o and 3,

axi (t) + Bra(t) <2 aX, (jo) + BXa(jo) (5.18)
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FT. .
x(r) X(jo)
Eq.
- T
e mu(l‘), Re{(X} >0 a;w (58)
e 1 Re{a} >0 Wawz (5.9)
rect (£) ”magr%) (5.7)
Z
te”%u(t), Re{a} >0 W (5.10)
t"’le’mu(t), RC{(X} > (n—1)!
0&n>1 (a+jo)
fwaa>0&m&mmm v%f%
1 2nd(w) (5.12)
5(1) 1 (5.11)
e/ gy real-valued 2718 (0 F o) (5.13)
cos wyt, ay real-valued wé (w— )+ 7md (w+ ap) (5.14a)
sin wpt, g real-valued %5 (0— o) — % (0+ ax) (5.14b)
Y cpe?™ ™ @y real-valued 2o i n (@ — nay) (5.15)
sgn(?) N ]% (5.16)
u(t) 78 (0) + 5 (5.17)
Table 5.1: Common Fourier Transform pairs.
Proof.
F o (1) + Baa(t)} = / (o (1) + B (1)] e dt
= a/ x1 (t)e_jwtdt+[3/ xpe P dt
= aXi(jo)+pX:(jo)
O]

= Example 5.1

5.3.2 Symmetry

(5.19)
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Proof. x(t) <i>X(ja)) means

X(jo) = [ ix(t)e‘j"”dt
X3
X*(jo) = /_oo x*(t)e!® dt

A8
X*(—jo) = /:,x* (e~ /™ dt S .7 {x" (1)}

X (1) 7 X (= jo)

Special case:

if x(t) is real then
X'(—jo)=X(jo)

N

(X (—jo)| = |X(jo)| LX(—jo) =—ZX(jo)
(even) (odd)

5.3.3 Dudlity
If

x(t) ¢Z5 X (jo)

then

X(jt) <25 2mx(—w) (5.20)

Proof.
1 [ .
x(r) =5 [ X(j2)e’ dz
2~ o) = / X(jz)e 7dz

- 2mx(—o) = /,ZX(J't)e_j“”df = FX(jn)}

= Example 5.2

s  2a

N=e 2 greal <25 2 _ _X(jw) (5.9

W) =e @, areal < 2~ x(jo) (59
207, ageclol
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s Example 5.3

x(t) = 125 X (jw) = 218 ()

Then,
X (jt) = 28 (t) + 2 28x(—w) = 27(1)
4
§1) <251
(as we have already seen earlier). =
= Example 5.4
N 7 . . T T
(4] g0 e (35) =e5e(4)
x(t) rect(f) +— X(jo) = tsinc o TSa 2

Then,
4 ¢
X (jt) = 7sinc (2%> N 2x(—) = 2mrect (%)

If we let @y = 3, then

5.3.4 Time Shifting
If

then

x(t—10) ¢ 25 X (jow)e @0 (5.21)

for all real-valued f.

Proof.
/ Xt —to)e I dr = / x(1)e 1M+ gn (et = 1 — 1)

. oo .
e [ e oy

= e /X (jo)

= Example 5.5
1
a+jo

e *u(t), Re{a} >0 PEAN

1
a+jo

e )y g), Re{ar} > 0 <2 gm0

p) Since 8(r) <7 1, we must have 8(t — 1) <2+ e~
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5.3.5 Time Scaling
If

then for any real-valued constant «,

7 1 Jjo
x(at) «— WX <a> (5.22)

Proof. (for the case where o > 0. The case when o < 0 is handled in a similar manner)

/ x(ot)e /P dt = / X(n)e™’ (%) "dn (make the substitution n = ar)
_1y(i®
a a

Thus expansion in the time-domain yields compression in the frequency domain, and compression
in the time-domnain yields expansion in the frequency-domain.

O]

(%) Uncertainty Principle

5.3.6 Frequency Shifting and Modulation
If

then for any real-valed @y,

x(t)el ™! <—>X( (0 — ay)) (5.23)

Proof.
/ [x(t)e!™] e~/ dt = /x(t)eij(wfwo)tdt

:/ i)t g,
X(j(o—

= @))
O
Thus, using the facts that cos @yt = % (ej"’()’ 4 e*jwot) and sin Wyt = % (ej“’(’t — e*j“’(’t), we conclude
that if
x(t) <= X(jo)
then

a

x(t)cosant <25 2 [X (j (@ — @) + X (j(@+ )] (5.24)

2

L X (j(0-m)-X(j(0+m)) (5.25)

t t <
x(t) sin @y 3




5.3 Properties of the Fourier Transform

109

» Example 5.6 Suppose x(¢) (an audio signal) has the |X (j®)| shown below:

1

A

—5kHz

5 kHz 2m

then the magnitude of the Fourier transform of x() cos (pt) (with @y = 27 x 10° rad/sec) is:

ANE

1 MHz

ANy

—10°-5-103 —10° —10°+5-103

10°—5.10° 105 10°+5.1038 °©

The spectrum is shifted forwards by 4@y and backwards by —ay.
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17
1. .
= 5X(j(o—a))
1.
+5X(j(0+w))
| > w
0 27 -5 kHz
2mw-10 kHz
| } | >
—ay 0 27-1 MHz
2r-10kHz
5.3.7 Multiplication by "
If
x(t) &X(ja)) (& if t"x(¢) is absolutely integrable)
then
7 ,d"X(jo)
"x(t) << 5.26
x(t) I (5.26)
Proof.
JXGO) A [
7" o _Jnda)” { _mx(t)e 19 dt
o d}’l o
_n —jo
= [ A0 g
_ / (1) (= jt)"e 19 dr
- / [1"x(1)] e 7@ ds
O

= Example 5.7
1

a+jo

z .d 1 B 1
Tdo o+ jo ~ (a+jo)?

e u(t), Re{a} > 0«2

. te ™ u(t), Re{a} >0
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5.3.8 Differentiation

If

x(t) <25 X (jo)

then

dx(r)
dt

F

+— joX(jo)

5.27)

Proof. We start out by noting that lim,_, ye |x(¢

integrable. Now,

dx(t)

/°° t
—w dt

)| = 0 since we assume that x(z) is absolutely

e 1®dt = x(t)e | —/ x(t)(—jw)e /" dt

= x()e 1| _+ joo / X(1)

jw/ x(t)e ™ dt

/]\

integrate by parts

e Iy

= joX(jo)
O
Thus differentiation accentuates the high frequency components in the signal.
p) The repeated use of this property yields
d'x(t) « "
dt'(7 ) + (jo)"'X(jo) (5.28)
5.3.9 Time-Domain Convolution
If
F .
x(t) = X(jo)
then
X1 (1) ¥ x2(1) < X, (jo)Xa(jo) (5.29)
Proof.

F{x1(t)xx2(t)} =

(interchange the order of integration) = /

(make the substitutionn =t —1) = /

/ _ /mxl(l‘—) (r)dr] eI gt

—o0

T)e ’“”dt] »(7)d7

8

/ x1(n)e J“’ndn] x(1)e /?dt

oo

/ x1(n)e /Mdn - / x(1)e /?%dt
(Jo)X>(jo)
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p) We can apply this result to an LTI system with input x(¢), output y(z), impulse response A(t),
and frequency response function H(jo).

LTI —— y(1)

Since y(r) = x(t) x h(t), we get

Y (jo) = X(jo)H(jo)| (530)

This result is as to be expected! Recall that x(¢) is composed of frequency components
X (jw)e’/®, and when each of these components passes through an LTI system it comes out as
[H(jo)X (jo)]e/®. The output y(¢) is also composed of frequency components ¥ (j@)e/®.
Thus,

Y(jo)e!® = [H(jo)X(jo)] e
L Y(jo)=H(jo)X(jo)

5.3.10 Frequency-Domain Convolution

If
x(t) <25 X (jo)
and
¥(1) 5 ¥ (jo)
then
x(0y(0) 75 X (j0) +¥ (jo) (5.31)
Proof

oo

x(1) [zln [ ZY (jn)e""’dn} e/ dt
G | [ xtwe e an
Y ()X (i (- ))dn

= L X(j@)+¥(jo)

F (o0} = [

—o0

1
(interchange the order of integration) =

2
i

2n
1
T 2n
1

= Example 5.8 — Effect of Windowing. Consider a signal x(¢

A
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Suppose we only observe it over a window of time (— %, %)

|
[N
o +
[Tl

| I

N

What is the effect of "windowing" in the frequency domain?

Y(jf)=F{x(t) -w(t)}
= Lx(n=wir)

2n
In general, convolution tends to "spread” the signal.

= Example 5.9

x(t) = cos (@) <2 X (jo) = 18 (@ — ax) + 78 (& + )

)

w(t) = rect (%) +— W(jw)=Tsinc (g};)

> (0

Y(jo) =X (jo)*W(jo) = [18 (0 — o) + 78 (@ + op)] * T sinc <(§;>

= 7T sinc [(a)—a)o)T] + 7T sinc [W]
27 27
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Do GNURADIO DEMO: "cos-is-not-delta." n
5.3.11 Parseval’s Theorem for Fourier Transform
If
x(t) <25 X (jo)

then

E= / 1)|dt = o / (jo)ldo (5.32)

where E is the energy of the signal.

Proof.

8

E= /m 1)|2de
[
/_ {271’/ X( ja))e/a”d(x)] dt
1
7

(jo) [ / ) x(t)e_j“”dt} do

—o0

(interchange the order of integration) = / X*

X( w)d
T o / (o)X(w)de
27r/ X

jo)ldo

p) In Chapter 4 we derived an analogous relationship (Parseval’s Theorem) for Fourier Series.
Recall that this relationship states that the total average power of a periodic signal is equal to
the sum of the average powers of each of its Fourier series frequency components, i.e.

1

w=7 |x(2)] Z leal general case

n—=—oo

_ Co + Z 2 \Cn| — ‘ if x(¢) is real-valued

average power in
th harmonic
2 |cn| cos (n- 2t + Lcy)
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where

> 2n
- L el

n=—oo

> 2
=co+ Y 2|ca|cos (;nt + 4cn) (when x(t) is real valued)

Definition 5.2 — Energy Spectral Density. Since

we can call

1

— — [ x(jo)Pdo
o | X(o)|

distribution of energy
across different

frequencies
mass = [y1ume density).
(1) atl X(jo)
Eq.
ax (t) +Br(t) < aX (jo) + X (jo) (5.18)
If x(z) is real-valued, then X(—jo)=X"(jo) (5.19)
X (jt) N 27x(— ) (5.20)
x(t—19) PN e IONX (jo) (5.21)
x(out) < X () (5.22)
x(t)elot PN X (j(o—w)) (5.23)
x()cosapt <2 A X(j(@—an)+X(j(o+a)] | (5.24)
xsinon T JIX(j(0-w) - X (j(@+ )] | (525)

Table 5.2: Table of Fourier Transform Properties

= Example 5.10

one-sided ESD =

—2t F 1
t) = t)+— X =
)= ule) S X (jo) = 57
1 1

X(jo
KGO = -
+oo |

/ 7r4+a)2

Using the trigonometric subsitution @ = 2tan 0 and evaluatmg the integral, we obtain

E— / —de—

What is the energy in @ € [0,2] (rad/sec)?

21

1

- _/ 7d9_7

so half of the energy is contributed by frequencies @ € [0,2].

ﬁ\X (jw)|* the energy spectral density of the signal x(¢) (in the same way that
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[6. Filters and Filtering

The following paragraphs have been taken from Oppenheim and Wilksky’s textbook.

"In a variety of applications, it is of interest to change the relative amplitudes of the frequency
components in a signal or perhaps eliminate some frequency components entirely, a process referred
to as filtering. For linear-time invariant systems, the spectrum Y (jo) = H(j®)X (jo) (i.e. the
Fourier transform) of the output is that of the input multiplied by the frequency response of the
system. Consequently, filtering can be conveniently accomplished through the use of such systems
with an appropriately chosen frequency response (i.e. transfer function). This represents one of the
very important applications of linear time-invariant systems.

One example in which linear time-invariant filtering is encountered is in audio systems. In
such systems, a filter is typically included to permit the listener to modify the relative amounts of
low-frequency energy (bass) and high-frequency energy (treble). The filter corresponds to a linear
time-invariant system whose frequency response is changed by manipulating the tone controls.
Also, in high-fidelity audio systems, a filter is often included in the pre-amplifier to compensate for
the frequency-response characteristics of the speakers. This filter is called an equalizer.

Ideal Frequency Selective Filters

An ideal frequency-selective filter is one that passes complex exponentials of certain frequencies
without change and completely stops complex exponentials of all other frequencies. The range of
frequencies that are passed without change are said to lie in the passband of the filter, and the range
of frequencies with are not passed constitute the stopband. Frequency-selective filters are classified
as low-pass, high-pass, band-pass, or band-stop filters, depending on the band of frequencies
that are either passed through without change or completely stopped. The different types of ideal
frequency selective filters are illustrated in the figure below.

Low-Pass Filter

H(jo)

A

|| < o, passband
|@| > o, stopband
—, . o, = "cut-oft" frequency




118

Chapter 6. Filters and Filtering

High-Pass Filter

H(jo)
1 41
- 0
— . (0%
Bandpass Filter
H(jo)
1 A4
0}
—n — ) Q)] (0}
Bandstop Filter
H(jo)
- 0
— — (] (0]

6.2 Nonideal Frequency Selective Filters

|@| > @, passband
|| < @, stopband

o) < || < w, passband

|o] <
o] stopband
| > wn
|| < o
o] > passband
0| >

0 < |o| < @, stopband

The ideal filters we just considered had abrupt cutoffs. Furthermore, their frequency responses were
real-valued and nonnegative, thus Y H(j®) = 0. In practice, however, it is not possible to build

filters having either of these characteristics.

1. First we note that if a filter has a linear phase, that is ZH (j®) = —t,, where 4 is a constant,
then this phase characteristic will not distort the signal in any way. It will simply delay the

signal by #; seconds.
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x(1) ——— H(jo)=e /% ——— y(1)

Y(jo)=H(jo)X(jo)
— eI (jo)
. y(t) =x(t—1tz) (see properties of four)
Thus when we build frequency-selective filters the goal is to achieve a phase response

(ZH(jw)) which is nearly linear.
Definition 6.1 — Filter Delay. If a filter has frequency response

H(jo) = |H(jo)|e/ e
then the filter delay is defined as

d[/H(jo)]

D(j) =

(6.1)
For a distortionless filter, the filter delay is a constant with respect to @.

2. In practice it is not possible to build filters which have abrupt transitions from the passbands
to the stopbands. For example, consider the ideal lowpass filter shown below.

H(jo)| ZH(jo)

A A

— @, (0%

— Wty

The impulse response, A(t), of this filter is:

| ;
h(t)=— | H(jo)e!“do
)=, | Hjo)e
o sinfw, (t —14)]
o w(t—ty)
o . [a)c(t—td)]
= —sinc | ——
T T
h(t)=0 for t < 0 <= This filter is not causal and therefore it cannot be built!
Thus, in order to get a realizable filter we must relax our requirements on |H(jw)|. The
specification for a realizable low pass filter, for example, might become
1-8 <[H(jo) <1+, |0 <, (6.2)
H(jo)| < &, |o| > o (6.3)
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where @, and @; are the nominal pass-band and stop-band cut-off frequencies, respectively.
The range of frequencies between w), and @y are called the transition band.

t+a,rﬂ%m
= - Y
-5 = 5
'~ & o n s :
LY
PN
| \ |
Passhand : Trmsit‘ion : Stop band
| 1
i ,\\ [
3 | \i
N i - - - — -y
+ [ Y b Y
0 Wy w, Gt

m Example 6.1 A filter is said to be passive if it has no gain/amplifying elements (i.e. elements
that can increase signal power). Active filters contain gain/amplifying elements, such as transistors.
At low frequencies, active filters constructed from op-amps, resistors, and capacitors are quite
common. In Lab IV: AM Radio, you will build and characterize an active bandpass filter known as
an IF (i.e. intermediate frequency) filter.

Consider the passice RC lowpass filter shown below:

R
“+
w0 (5) —c (1)
o) )

The frequency transfer function, H(jw) of this filter is easily derived using standard circuit
analysis methods:

L yec) 1
HGO) =1 Gec)+R ~ 15 joRC

The magnitude in dB (i.e. 20log,, |H(j®)|) and the phase response (i.e. ZH(j®)) are plotted vs.
frequency @ on the next page for the case when RC = 10~* s. Unlike an ideal low-pass filter, this
filter does not have a "sharp" frequency cut-off. The 3 dB frequency cut-off (i.e. @ for which
20log,, |H(j®)| = —3 dB) is at 10* rad/s and beyond this frequency, the magnitude response (i.e.
20log,y |H(jm)|) decreases by approximately 20 dB/decade, where a decade is a multiplicative
factor of 10 in frequency.

Plots of 20log ;o |H(j®)| vs. @ and ZH(j®) vs. @ are known as Bode plots.

A log scale is used for the frequency axis to permit 20log,, |H(j®)| and ZH(jw) to be plotted
over a large frequency range. Furthermore, 20log;,|H(jw)|, rather than |H(j®)|, is plotted to
accomodate a large dynamic range. If |H(jo)| vs. ® were plotted instead, then it would be
difficult to read from the plot small (e.g. 10~%) values of |[H(j®)|.
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Bode Diagram
O T T T 17 T T T T T T 17 N

10} .

Magnitude (dB)
0
S
[
|

_40 | | |
107 103 10* 10° 10°

Phase (deg)

RN [N [N
10? 10° 10* 10° 10°
Frequency (rad/s)

6.3 Matlab bode Command

If H(jw) can be expressed as (known as a rational form)

H(jo)= =jo 6.4
(Jo) De) =7 (6.4)
where N(s) and D(s) are polynomials in s with real-valued coefficients, then there is a simple
Matlab command (bode) that will generate the Bode plots of H(j®). The procedure is as follows:
1. Write N(s) and D(s) as vectors, N and D, where the vectors consist of the polynomial
coefficients in descending order.
2. Use the Matlab command bode (N,D)
= Example 6.2
1010 1010
H(jo)= g 500 ()2 50 10
(1010 — @2) + jv21000  (jw)2 ++/210°(jw)+ 10
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(2™ order Butterworth Low-pass filter).

s H(jo) = gg)

where N(s) = 10! and D(s) = s> +1/210°s + 101°.
. N=[1.0E10] & D = [1 1.414E05 1.0E10]
Use the Matlab command bode (N,D). n

6.4 Systematic Filter Design
Filter design specifications are given in terms of a "spectral" mask.
1. LPF

x(1)

Gy
G

|

|

% -t
o, o}

* Any design H(jw) with |[H(jw)| "satisfying" the spectral mask is acceptable.
* The design specs are augmented by
— as linear as possible ZH(jw) for @ in passband
— as low cost as possible (usually manifesting itself in the max. degree of the

polynomials N(j®) and D(jo) of H(jw) = gggg)

Similarly, masks for HPF, BPF, and BSF.
2. HPF

x(r)

A

Gy |
Gi |
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3. BFP
x(t)
G, |
G |
6S | |
l l .t
o o, ©, o
4. BSP
x(t)
G
G
6.8'7 ] |
l l ‘
w0, © o o

* We will build LPF, HPF, BPF, and BSF starting from a "prototype LPF" and applying to it
certain transformations.

* An example of a "prototype LPF" is a Butterworth filter of order N.

1

HUOY = o)

(6.5)

. (2k+N-1)7
where sy =e/ v k=1,2,...,N.

s Example 6.3 N = 1:
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H(jo) =

jo+1

1
(j(t) _ ej37r/4) (](O _ ej57r/4)
1
(jo)2+v2(jo)+1

H(jo) =

6.4.1 Properties of Butterworth Filters

The Butterworth family of filters was defined earlier through its FRF (6.5). As it turns out (this is
not straightforward, but a good exercise) the magnitude of this FRF is given by

H(jo)| = (6.6)

1
V14wV
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As can be easily checked, H(jO) = 1, H(j1) = 1/4/2 and limg .+ |[H(j®)] =0. As N
increases, we get a flatter FRF in the passband and a sharper transition to the stopband.

How can we implement Butterworth filters with R, C components and opamps?

s Example 6.4 N = 1:

H(jo)

:1+ja)

z(1) ——o0
+
)

R c
+ L £

x(t

From the golden rules of op-amps,

Z=Y
% 1/(Cjw)

- = H(jo)= ——F7—
SLVACY )R SV N (j@) 1+ RC jo
R+1/(Cjw) 14+RCjw ~

=1

In general, set my = % — H(jo)= ﬁ Note that the “buffer” attached at the end of the
oy

filter is not required if the filter is used as is, but it is useful when concatenating several filters in

series, so that one stage does not “load” the previous one. "

= Example 6.5 N =2:
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H wi) R B
\
R3
U OO —
_|_
) . = I 0
C I
L L
i[l =
. Z-Y . ¥ ¥
Il — N 5 12 — i . ) 13 - K
1/(Cijo) 1/(Cjo) R3
L W R
Y =WH+LRy =W+ —Ry=W [ 1+ (6.7)
R3 R3
A
Z=X-R(li+bh) = Z=X-R [(Z-Y)Cijo+ WG jo] (6.8)
W=Z-hR, — W=Z—-R,WGCjw (6.9)
(6.9) = (1+ R, G jo)W =Z (6.10)
68) =Z=X—-Z-RiCjo+YR\Cijoo —WRC>jw
= (1+R|C1jw)Z=X+YR|C|jo—WR|C2j» (6.11)

(6.11),(6.10) = (1+RC1jo)(1+RCrjod)W =X +Y +R\C1jo —WR|C+2jo
= [(1+RC1jo)(1 +R,Crjw) + R Crjo]W =X +¥ -R|Cy jo

v .
67) =[] =X+Y¥ -RiCijo

— <[A] —R1C1j60> Y :X
) 1

= H(jo)= T o o

4 RiGjo

A
(1 +R1C1j(1))(1 +R2C2j60) +R1C2j(x) —AR1C1j(1)
A
1 + (R1C1 + Ry, +R Gy —AR1C1)jw +R1C1R2C2(ja))2

Specialize Ry =R, =R, C; =C, =C:

A
14+ (3—A)RCjw+ (RC)2(jw)?
lsetRC=1,3—A=12

=1.59

H(jo)

H(jo)= - — & 2" order Butterworth filter
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In general, wy = %, 3—A=+2:
1.56
2
teva(in) + (a)

H(jw)=

m Example 6.6 For an arbitrary N one can design a prototype Butterworth filter by serially
concatenating several filters together (each of order 2) followed by possibly a filter if order

1. Specifically, consider first the case when N is an even number. One can rewrite the FRF
. _ 1 _ j(2k+N—1)7r _
H(jo) I Goms)’ where sy =e¢/~ v, k=1,2,...,N, as

NJ2 |

H(jo)=]]

=1 (jo—s)(jo—s;)

(6.12)

(6.13)

N/2 1
= . (6.14)
nUl 1 — (jo)2cos(ZHN=LTY 4 ()2

Each of the above N /2 factors represents an 2nd order filter that can be realized similar to the one
in Example 6.5 withRC=1and3—A = ZCOS(M).

2N
Similarly, for the case where N is odd, the overall FRF can be written as above together with a
factor —— which corresponds to the 1st order filter described earlier. "

1+jo

Design process through transformations of the prototype filter
Design of LPF

We want to design of a LPF that satisfies the spectral mask given by (@, @;, G1, G2, ) from a
prototype LPF.

HGo) = ——— 25 ey = —C 6.15)
SRV e e N\ .
1+<@)
(04}
H(jo)| Ao

To complete the design, we need to find the parameters G, @y, N that satisfy the following



128 Chapter 6. Filters and Filtering

inequalities (mask)

G <G< G

N -
!I-{(]wp)’ > Gy p solve for (G, my, N ).
’H (j a)s)] < & minimal integer

Since solving a set of inequalities is difficult, we can consider a set of equations that will exactly
match the mask, as follows:

Gz

solve for (G, @y, N )

minimal integer

Ff\
[ (jo)|

Interpretation of jw — j %: every resistor/capacitor is scaled appropriately.

Design of HPF
. 1 J jo Jayy NN G
H(jo)= A(jo')| = ——= (6.16)
2N _ / 2
V1+ o os-—wm/o 1+w,27v
2N
=G\ v —av 6.17)
0)’2N—|—(D§N
[H(jo)| A (jo")
A

G o
G
R RREEEE

To complete the design, we need to find the parameters G, wp, N that satisfy the inequalities
describing the given mask.

Interpretation of j&o — I3 / o

» Every capacitor (inductor) in the prototype filter is substituted by an appropriately scaled
inductor (capacitor) in the new filter.

» Alternatively every R, C in the RC stage of the filter (not in the inverting amplifier) is
substituted with a C ,R.

Design of BPF
1 N G
H(j = H(jo')| = .1
Hjo)l = oo A (@] —  (61¥)
w50 (@e)? 1+(“’, *wlwz>
Jooigtart e W (o0
o' o 0% —
o s G 102 (6.19)
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[H(jo)] A (jo)|

A A

0=0— 0 =/o,m
0=+ — o' =+, +to

To complete the design, we need to find the parameters G, w;, @,,N that satisfy the inequalities
describing the given mask.
010
Interpretation of jo — j—2 — 4 (@2

) — @1 ]L
0~

* Every Cjo in the prototype is substituted by a C jo + L/Lw

Design of BSF

Consider the two consecutive transformations

1 1
Jjo — — (a) — _a)’) : makes the prototype LPF a prototype HPF

jo'
o ( wl(g,z 7 —
jo' —j 42 —7+— + makes the prototype HPF a BSF
W —w -
overall,
" 0 @ 5 -1
jo — (j . > (6.20)
) (I
or
o' ((Dz . (1)1)
O— — 6.21
a)l a)z _ w//Z ( )
S0
A G
A(jo")| = (6.22)

2N
U)N(U}z7w)
\/1 + ( a)lwsz”lz )
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To complete the design, we need to find the parameters G, w;, @,, N that satisfy the inequalities
describing the given mask.

Overall interpretation of the transformation is that every capacitor is substituted by a series
concatenation of a capacitor and an inductor.

Measures of Bandwidth

1X(jo)l IX(jo)|
1 [ m 1 m > @
0 — 0 (0%
Baseband Bandpass

I Definition 6.2 — Baseband Signals. Signals whose Fourier Transforms are concentrated
around O (rad/sec) are called baseband signals.

Definition 6.3 — Bandpass Signals. Signals whose Fourier Transforms are concentrated
around some frequency w, are called bandpass signals.

Q: How do we measure the bandwidth (BW) of a baseband or bandpass signal?

A: There are several bandwidth measures (we will examine 4 of them). For simplicity in ex-
position, we will assume that x(¢) is real so | X (jo)| is even.
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6.5.1 Absolute Bandwidth

IX(jo)l
/\/\ 0 m ‘ m -
0 Wp —n — 0 (0] (0}

BWups = 0p BWaps = @ — @3y
Highest non-zero frequency
component of |X(jm)|.

(X(jo)]

If | X (jw)| extends to oo then BW = oo, e.g.

X(jo)|

A

6.5.2 3 dB or Half-Power Bandwidth

(X(jo)l (X (jo)

0
BWs34p = 0 —

or: [X(jon)| = 5 [X(j)

o [X(jon)| = 51X (jox)]
<0<

= Example 6.7 RC Filter:
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R
Tt
*(1) @) —e ¥(1)
0 ]
Hiio)— L
0= 1 jore
H(jo)=1
. 1
‘H(jw)’:H—T(RC)Z
H Gow)| = -2 10 = — L L g L
Y, R 1+ ®3(RC)2 2 5~ RC

6.5.3 Noise Equivalent Bandwidth
Consider the energy spectral density S(®) = 5- |X(jo) |? of a baseband signal.

From Parseval’s theorem,
E :/ S(w)dw = —/ X (jo)|*dw

S00) |0 < wp

Consider an "equivalent” e.s.d S(®) =
0 else

— @, (0%
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The energy of this signal is E’ = 2wp5-|X (jd)|*. The noise-equivalent bandwidth is defined

Here @, can be thought of as the "center" of gravity of |X(j®)|* (on the positive side):

T elX(jo)Pde

ST IX (jo)2de

m Example 6.8 Ideal lowpass filter:

H(jo)|

— B Wp

as
BW,,=wp < E=FE <+ ZZ / (jo)|ldo Z{zwﬂx( jo)? (6.23)
JZ X (jo)Pdo
— wp= 6.24
KGO (029
“1X(jo)|Pdw
s oy XU )2| (6.25)
X (jO)]
Similarly for bandpass signals,
X (o) X (joo)

: : cauil 3 3

| | energy | |
! ! ! : ! -0

— . 0 (03 ;
BW,e
e . N2 . 2
/O X (jo)Pdo = BW,e - |X (jor) P =
“IX(jo)|rdw
X (jor)|*
6.5.4 The Root-Mean-Squared (RMS) Bandwidth
This is very similar to the idea of "standard deviation" in statistics/probability.
“0X(jo)|*dw
BW,,.s = Jo - | ?J )2’ (for baseband) (6.27)
Jo "X (jo)]Pdo
Jo (o — wc \X(Jw)lzdw

BW, for passband 6.28
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I 0?A%do

BWrus = 9% A2

In the same way that we defined measures of bandwidth, i.e. how broad |X (jw)| is, we can
define measures of time duration, i.e. how broad x(r) is.

= Example 6.9

Definition 6.4 — RMS Time Duration. The root-mean-squared (RMS) time duration of a
signal is defined as

s t—to x(1)|2dt
TRMS = \/ |2dt (6.29)

where 1y is an estimate of where the signal has most of its energy and is given by:

_ S k(@) Par
SO €0




(7. Amplitude Modulation

7.1 Modulation: What and Why

* The process of "modulation" involves three signals:

- x(t), a slowly-varying information signal (e.g. audio)
- ¢(t), a high-frequency carrier signal (e.g. cos (@,?))
- (), amodulated signal which depends on x(¢) and c(r)

* Modulation is the process by which some attribute of the farrier signal (e.g. amplitude,
frequency, etc.) is modified in accordance with the information signal.

* Why modulate?
Three reasons:

1. For a physical circuit to "act" as an antenna, its dimension has to be of the same order
of the wavelength of its oscillation.

)

cC—— %L c:lf:>k:%

e.g. audio signal, f =5kHz — A = gi%gf = 60 km. But if the signal is modulated

. . . o _ 3x10% __
with a high-frequency carrier, f = 1 MHz and A = 1§ 105 = 300 m.

2. The propagation characteristics of the medium of interest may be more favorable for
one frequency vs. another. For example, transmission over the atmosphere is very lossy
over certain frequency ranges.

3. Multiple access: We want to have multiple signals transmitted at the same time over a
band of frequencies (e.g. AM radio):

AN

The receiver can now filter out the other signals and process the desired one.
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7.2 Suppressed-Carrier Amplitude Modulation (SC-AM)

x(t)
/\A\/ / |
Acos (1)




138 Chapter 7. Amplitude Modulation

y(t) = Ax(t) cos (1) (7.1)

, where x(t) is the information signal and cos (®,?) is the carrier. Observe that the "envelope" of
y(1) is |x(¢)| and not x(t). So we cannot recover x(¢) from y(¢) using an "envelope detector."

7.2.1 Frequency Representation of Modulated Signals
By the modulation property,

Y(jo) = F (0} = 5 X (0 - 0)) +X (j(@+0.) (.2
X(jo)|
/LN o
—p 0 Wp
¥(jo)
— @ 0 @,
20

Note that the bandwidth of y(r) is 2@g, i.e. we need twice as much bandwidth to transmit a SC
AM signal compared to the original information signal x(z).

7.3 Demodulation

y(t) = Ax(t) cos (@t)
r(t) = ay(t) + noise
x(t) cos (@t) + noise

0A
~—~
B
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How can we recover x(¢) from r(z)?

Demodulation:
LPF
Bx(t) cos (@.t) ® 2(t) cutoff:
+ noise wp

cos (@)

We’ll see why this works both in the frequency domain AND in the time domain. For now we

do not consider noise.

7.3.1 Frequency Domain Analysis

Z(jo) = F{z(t)} = F {r(t)cos ()}

= JR(j(0— )+ 3R

(j(0+ )
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R(jo)| = Y (jo)]

‘ ‘ : -
_a)c O a)c
/\/\ 1 1 1 /\/\ - @
—20, — 0 0 (02 20,
LPF
; >
— B 0 Op
X(jo) = X(jo)
‘ ‘ : -
—p 0 Op
so the information signal is recovered!
7.3.2 Time Domain Analysis
1+cos(20.t)
2
2(t) = r(t) cos (w.t) = Bx(t)cos* {1
B B
= Ex(t) + Ex(t) cos (2m.1)
—— | S —
centered modulated with
around 0 a cos of 2w,
frequency so centered at
2w,
and after low-pass filtering, only the 1% term will pass, so
B
x(t) = =x(¢) (7.3)

2
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Proportionality factors like g are not that important in the analysis. Usually demodulation is
followed by amplification (e.g. audio amplifier before driving the speakers).

In reality,

A

B
x(t) = Ex(t) + noise (the noise component through the LPF)

Y

oy(t) + noise

— The signal picked up by the antenna is very low, usually on the order of ~ uVolts.

— So before any processing, we need to amplify it in order to bring it into the ~Volts
range.

— First stage of R, is a high-gain amplifier, G ~ 10°.

Y

oy(t) + noise G- o -y(t) + noise

~(X) » LPF |—— &(t) ...

Acos (mt)

/ noise

- a.)c 0 a)C

Really this is a high-gain bandpass filter.

There was a hidden assumption in the preceeding analysis: the carrier at the Tx cos (@) and the
cos at the Rx cos (@.t) were perfectly synchronized! What if there is a phase difference? Let’s
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redo the analysis (time-domain).

y(t) = Ax(t) cos (@,1)
£(t) = Bx(t) cos (@) cos (0. + @)
cos ¢ | cos (2wt +¢)

= Bx(t) 7 >

- gx(t)cos(b +§x(r)<:08(2wcf +9)

cos@ is a x(t) modulated
constant, so with a 2,
this is carrier so it is
proportional centered at 2@,
to x(t)

So in reality, after low-pass filtering, we get:
. B :
x(t) = E(COS ¢)-x(t) + noise (not affected by ¢) (7.4)

* As ¢ varies slowly, when it gets close to ¢ ~ Z, then the signal part < noise part.

* Any amount of amplification cannot solve the problem because it will amplifty BOTH the
signal and the noise.

Two solutions:

1. Devise a "synchronization" circuit that will "track" the incoming carrier phase and synchro-
nize the local oscillator. This is called "coherent' reception (expensive, especially in the
era of broadcast AM radio).

2. Change modulation scheme so that reception can be performed non-coherently —> Large-

Carrier AM (LC-AM).

7.4 Large-Carrier AM (LC-AM)

x(t) ~® &) - y(1) = A[M +x(1)] cos ()

M Acos (@)

M is chosen so that M > max |x(¢)| so M +x(t) > 0.
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7.4.1 Frequency Representation

y(t) =AM cos (@.t) + Ax(t) cos (@.t)
17 \ Z
AM

80— 00+ 8 (0+ @)+ 5X (j(0-00)+ 5X (j(0+a)
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X (jo)|

|

|

|

|

|

|

|

— ! - - @
—@p 0 B

AM AM
2 2
A A

‘ ; ‘ -
— 0 0 w,—wp O O+ wp

7.4.2 Demodulation

Since M +x(t) > 0 <= |M+x(t)| = M + x(¢), the envelope of y(¢) is exactly M + x(t). So
reception can be performed using a single envelope detector:

M+x(t) DC
1) Eb | block ()
|H(jo)]
B
.
0

The DC block. cuts the DC component of the incoming signal. We assume that x(¢) does not
have DC components (e.g. voice signal does not have audible components below some frequency).

Result: No need for expensive (coherent) receiver!
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Drawback? Let’s look at y(¢) again.

y(t) =A[M +x(t)] cos (@ct)
=AM cos (1) + Ax(t) cos (@)

| F
v(jo) =" 80— 0)+8(@+ @)+ 5 X (i(@-a)+X (j(0+a)
o(w+ o) Y (jo)| 0(0—w,)
: - (0
— @, 0 @

The part of y(7) that equals AM cos (@,t) does not carry any information. Yet we need power to
transmit it:

(A-M)
2

P. =

AZ

The information-carrying signal Ax(¢) cos (@.t) has power P; = 2PX (why?). So the total power is:

AZ
Ptot:7( 2+Px)

A2 M?
=—P(1+—
2 "( +Px>

The (1 + %j) is a factor of "wasted" power: it is only there to make M +x(¢f) > 0. So LC-AM is
not as power-efficient as SC-AM (price we have to pay for simple demodulation).

7.5 Commercial AM Radio

107 stations, each station low-pass filters audio signals at 5 kHz and uses carrier frequency:
1 2 3 ceeeen ... N=107
540kHz 550kHz 560kHz ... ... ... 1600kHz
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ECE
X1 (Z) ~® ;®
M cos(mr)
B
x(t) %Ca—»Ti r(t) = Ziil 0;yi(t) + noise
M cos () I &
e
XN(Z‘) ~® ;®
M cos (nt)
lO kHz
R(jo)]
6 fl = 540 kHZ f2 3 4 fN — 1éOO kHz .y

How does the Rx select the desired station?

* Method 1: Use a tunable filter/amplifier, followed by ED (envelope detector) and DC
blocking element.
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audio
|H(jo)| 10kHz amp
G <~
. o
' T2
—Je 0 fe

This needs to be a high-gain amplifier
uvV —V, G~ 10°

f¢ is tunable to any frequency (540 kHz, ..., 1600 kHz).

A measure of the amp cost is:

_ Je 540 kHz ~ 1600 kHz

N ™ 10 kHiz ~ (54 ~ 160) ~ 100

0

It is expensive to build a high-Q (Q =~ 100) and tunable amplifier.

7.5.1 Solution: Superheterodyne Receiver
Build a SINGLE high-Q amplifier at a constant frequency, and use modulation property of Fourier
Transform to bring desired signal to that frequency. E.g., assume that we build an amplifier at
Jfir =455 kHz, where IF stands for Intermediate Frequency, and 455 kHz is the standard off-the-sell
component. The superheterodyne receiver is:

M +x(t
— — ED © J o DCL —— speaker
r(t) block
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IF DC
> . > k
r(t) & amplifier ED block % speaker

audio
Ccos (O)Lol‘) amp
1 [

}/ local oscillator

How do we choose wyp? Recall the modulation property:
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R(jo)|
‘ : ‘ - W
_wc O wC
G G
IF Amp
t t t > (D
—OrF 0 (Yra
(OLo — 0 + Lo (OLO W+ Oro
R(j(®+ o)) R(j(®—wr0))
/\ /\ After IF Amp
- 0
—F
So we choose @y such that:
W~ Opo = O <= | O = 0. — OrF (7.5)
<Alternatively, we can do: )
W, — WOpp = —OF <= WLo = O+ O
However, if w;r > @,, then
W+ 0o = O < QLo = O — O (7.6)

So in general, this says:

WOLo = |0 — OF (7.7)
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We solved one problem but we created another! There exists (possibly) another station that will
interfere with our desired station.

: -
— @ —Qy 0 wy (0%
G G
IF Amp
t t t > ()
—WF 0 (Wia
‘ ‘ -
-0, +w0 0 0 @ — OLo
Recall o, — w0 = —wyp:
W — O = —OF < |0 = 0o — OrF | (7.8)
= = (0. — ) — QO = \a),:wc—Zw,p\ (7.9)
If wip > 0. = W o = O — O and also
—@y + 0o =~ <= |0 = 0o+ o =20 — o (7.10)
so in general,
Wy = |COC—2(J)1F| (7.11)

T

due to symmetry

m Example 7.1 With w;r =455 kHz, 20, = 910 kHz, and

@, = 540, 550,..., 1440, 1450, 1460, ..., 1600
4 4 + b 4
w; =+370, 4360, ..., 530, 540, 550, ..., 690

There are no stations at +370, 4360, ..., and 530, 540, 550, ..., 690 are the interfering stations.
Thus for desired stations in the upper part of the band, we have this interference problem (interfering
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station is called "image" station).

Alternatively, if we had chosen @wrp such that @, — w9 = —WF < o = O, + @, the
image is at Wy — W = Wi <= O = O, + 2wyr. In this case the lower stations would have an
image:

0. =540 oy = 1450

690 1600

700 1500
1600 2}(0

Overall summary: (given @, Wyr)

OLo wy
w.— oy (0> aF) | 0.—20F
o — 0. (oF > o) | 20r -
|0, — ayr| |, — 20|
o + OyF . +20F

Solution to the "image" problem: Filter out the image station before mixing:

NG

el
, IF DC >
% '® | amplifier = ED " block speaker

image audio
rejection cos (wrot) amp
filter e [
/ local oscillator
H(jo)
0 Wy 0¥

2(1)117
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1 o — .| <2m-5kHz
|H(jo)| =40 | — ;| <275 kHz

arbitrary  else

This is a tunable but inexpensive filter.
Tunable: f. = 1450, ..., 1600 kHz

@y (07

<— 20 ——>

1450 ~ 1600 _

1.
910 >

0

7.6 Quadrature and Single Sideband Amplitude Modulation

(7.12)

We have discussed SC-AM and LC-AM. They both require BW = 2@p for transmission of a signal

with BW = wp.
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X (jo)]
‘ 1 | o
— B 0 Wp
SC-AM
l . 1 >~ (0
— 0 s
LC-AM
! t 1 > (D
_wc 0 COC

However the lower and upper sidebands of the modulated signal contain the same information
(for the case of real x(r)). So we are "wasting" half of the bandwidth. How can we economize?

e Method 1: Quadrature-AM
Idea: Transmit two information signals x; (¢) and x(¢) on the same band!

()
x1(1) - ®
Acos (m,t)
LO
[7/2]
Asin (@.t)

x2(t) ~X)
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y(t) =Ax; () cos (@.t) + Ax (1) sin (@,t)

¥(j) =AXi(0)+ | 360 @)+ 33 (0-+ 00| +A%(j0)+ | 580 -0) - 5 3(@+a)

A% (0 - o))+ 2% 0+ o)

2 2
A A
— X (jlo—w.))——Xo(j(0+ o,
5% (0 - 00) - TX(j(0+ 0)
both at w, both at — @,
X (jo)
: - (0
— B 0 @p
X (jo)
- : — -
— B 0 @p
Y(jo)
: - - - - >
-0, — W —O, —O+ Wp 0 o.—wg O O+ wp

So now we need 2wp bandwidth for two stations so g per station! But can we recover them
at the Rx?
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7.6.1 Coherent Demodulation

y() \|/ "X o + LPE@p [———— £ (1)
cos (@t + @)
LO
EE
sin (@t + @)
() J LPRwg | (1)
22(1)

z1(t) = y(t) cos (.t + @)
= [Ax; (t) cos (@t ) + Axa(t) sin (@ct)] cos (@t + @)
= Ax (t) cos (@) cos (0t + ¢) +Ax> () sin (ot ) cos (0.t + @)

20,1 — i in (20t
:Axl(t)COS(P +cos (2.t + ¢) +An(r) sin¢ + sin (20,1 + )
2 2
A .

= 5 i(r)cosg —x (1) sing]

A

5% (t)cos L.t + ¢)

A modulated at 2@, so are out by LPF

§x2(t) sin (2w.t + ¢)

SO

#(t) = %xl (t)cos %xz(t) sin ¢ (7.13)

Similarly you can find that

22(t) = y(t) sin (@t + @)
= [Ax; (t) cos (@t ) +Axz () sin (@.t)] sin (@t + @)

i in (2.t — 2wt
_An (t)sm(i) +sin (2.t + @) +Ax2(t)cos¢ cos (2.t + @)
2 2
and after low-pass filtering,
. A ) A
(1) = 5% (t)sinp + Exz(t)cos(p (7.14)

So if we have PERFECT synchronization (i.e. ¢ = 0), then:

A

fl(t):fxl(t)wxl(t) (7.15)

2
A

)’C\Q(Z)Z*XQ(Z)NXQ(I) (7.16)

2
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Otherwise we have cross-talk!

P cos® @

SINR| = signal-to-interference & noise-ratio = ————
P sin” @ + Py
DEMO: GNURADIO QAM-MOD

* Method 2: Single Sideband AM (SSB-AM)
Idea: Filter-out one of the sidebands before transmission
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X(jo)
o w — - (0
— B 0 (0);]
z(t)
x(1) 0 -~ BPF
H(jo)
Acos (1)
Z(jo)
| | | ®
— ¢ 0 .
H(jw)
1 > (0
— @, — W — 0 0 . @, + 0p
Y(jo)
SSB-AM
| : ‘ (0]
*wc 0 a)c

<>
BW = wg

o It is difficult to give a time-domain expression for y(¢), because we do not know how to
express the complex signal 5(¢) with ¥ (jo).
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Y(jo)
(0]
0 wp
(we need the "Hilbert Transform" for that).
* Usually, this filtering is done in multiple IF stages, e.g.
() [BPFat | yir(t) 2(1) BPF at
x(7) — (1)
rF 0o + OrF
H(jo)
Acos (wyrt) cos (@ ot)
M ®
—yF 0 O
Z(jo)
—0ro 0 Wro — W WLo Wro + OF
H(jo)|
-
ﬂ | r\ .
- wc 0 (OC

At the receiver demodulation is done exactly as in SC-AM:



159

7.6 Quadrature and Single Sideband Amplitude Modulation
(1)
LPF
z(1) cutoff: R
~X) — X(1)
B
cos (o.t)

_&)c 6 (L‘)C
PR 0 o 20,
LPF
— B 6 Wp
X(jo)~X(jo)

—&)B O a‘)B

— What happens if we have a phase error?

— Recall: in SC-AM the effect was that signal power way reduced the SNR (signal-to-noise

ratio) deteriorated.

— In SSB-AM there is an additional effect: signal is distorted.

DEMO: GNURADIO






[8. Sampling

Motivation: Every digital communication/storage system communicates/stores bits of information.
This means that the original continuous-time information signal x(¢) (e.g. audio) has to be translated
to bits. The first task in this process is "sampling."

8.1 Sampling

kT,
x(7) X o+ x(KT})

o L1

<>
-t 1

Definition 8.1 — Sampling. Sampling: retain only the "samples":

""x(_2TS)7 x(_TY)a X(O), X(Ts)a x(2T5)7
= {x(kTy)}, = ., (k integer) 8.1)

from the continuous-time signal x(7). 7y is the sampling period.

We will show that under certain conditions on x(¢) and T; we can perfectly recover x(z) from its
infinitely-many samples {x (kT;)};= ...

reconstruction

~+oo
() hews process ?

— x(t)

Let’s assume that x(z) is strictly bandlimited, i.e. it has absolute BW = wg and X (j®) is:

X (jo)]
- : — - ®
— @3B 0 Wp
Let’s construct the following signal:
~+oo
xi(t) =Y x(kTy) 8 (t —kTy) (8.2)

k=—oc0
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X,‘([)
5 b
oo
(8.2) = xi(r) = Z x(t)6 (t — kT;) (sampling property of &)
k=—o0

doo
—x(t)- Y 8(t—kT,)

k=—c0

~+oo
=x(t) ) &(r—kTy)
k=—c
—_—————
67, (1)

We call Or,(¢) the "delta train" or "delta comb."

Xi(jo) =7 {xi(t)} = F {x(t)dr,(¢) }
1

= X (jo)+ 7 {61(1)} (8.3)

8.1.1 Paranthesis: Let’s evaluate .7 {or, (1)}

or,(t) is periodic with period T}, so we can express it as a Fourier Series:

= 2n
or,(t) = Z cne!"™ @y = T (sampling frequency)
N

n=—oo

1% 1% 1
Cn= —/ Or,(t)e "' dt = —/ O(t)e  "¥dt = —
Ty J-% 7 Iy J-% T

N
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SO
= Z /" (8.4)
and
1§
T} =5 ¥ 7 ()
i Z 278 (0 — nawy) (8.5)

(8.3),(8.5) = Xi(jow) =

Z o(w —na)s]

27r

11near1ty
X(jo)*6(o—no

ofconv Tsn—Z_oo J * ( " S)

1=
== ) X(j(o-na)) (8.6)

’Z}n:—oo

Xi(jo)

(O]
—20 — —wp 0 Wp Wy 200,

s — W

It should now be clear how to recover x(¢) from x;(¢): Lowpass filter x;(¢) with an ideal filter
with cutoff frequency w, € (@g, ®; — ®p).

LPF, FRF H(jo):

T
f w
— ¢ 0 (0%
Overall reconstruction device:
generate )
kT)Y, = ——— - H(jo) ——— x(t
{x( ) k oo xi(t) (0) (jo) (t)

For the above operation to work we need:

0 < Oy — W <= (8.7)
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We define the Nyquist rate to be twice the signal bandwidth (i.e. 2wp).

To summarize:

For a signal x(¢) with absolute BW = wg, if we sample with frequency o, = ZT—’S‘ > 2mp, we can
perfectly reconstruct it from its samples.

If @, < 2wp the picture of X;(jo) is:

_20)5 - ws 0 a)S 20);

and so we cannot reconstruct x(¢) perfectly. Indeed if we use a lowpass filter with @, = wp

T
1 (O]
— @B 0 wp
aliasing
(0]
— B 0 Wp

= Example 8.1 Aliasing out-of-band interference: Suppose a useful signal x(7) has bandwidth
20 Hz and a sinusoidal interference is present at 60 Hz:

X(jo)

} —> (1)/277:
20 60

[ T

60 20

We sample this signal at 50 Hz (> 2 -20 = 40). The ideally sampled signal x;(¢) looks like:
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Xi(jo)
—20 —10 O 10 20 50 60

and after low-pass-filtering at 20 Hz we get:

: : . : ; a)/27r
—-20—-10 0 10 20

So out-of-band interference (at 60 Hz) appears inside the useful band now (at 10 Hz). The
reason for this is that the overall signal (desired signal + interference) has BW = 60 Hz and so it
was undersampled (Nyquist freq. = 120 Hz) so there is aliasing.

Solutions:
(a) Either filter out interference before sampling, or

(b) Sample with at least 120 samples/sec so no aliasing occurs.

8.2 Whitaker-Shannon Sampling Formula

Let us develop an explicit expression for x(¢) based on {x(kT;)}; =~ .. (interpolation formula).
We know that under the assumption @, > 2@p (and using an ideal low-pass filter with cutoff
o, € (wp, w; — wp)), we can perfectly reconstruct x(z), i.e.

H(jo)

generate xi(t)

(TN ideal signal

o LPF — x(t)

IR: A(t)
doo
x(t) =xi(t) xh(t) = [ Y x(kTy) 6 (1 — kﬂ)] *h(t)
k=—oco
+oo
= [x(1) = Z x(kT) h(t — kTy) | (this is an "interpolation” formula) (8.8)
k=—o0

Specifically for
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we have

h(r) = Tssin(a)ct) T sin (@,1)

T

= I

T
Tt o Ot

Sa(@.t)

o1, . <a)ct)
= sinc
T

and if we use @, = midpoint (@, ®; — wp) = 5 we have

T, t t
h(t) = a;sns sinc (%) = sinc (Ts>

and the interpolation formula becomes:

+oo _
()= Y x(kT,) sinc (f TkTS> (8.9)

k=—oc0 N

= 0 at multiples of T

MATLAB Demo.

8.3 Non-ldeal Sampling

Reconstruction of x(z) using Or, () is not practical (due to the presence of deltas). A more practical
reconstruction approach is "sample and hold" or "flat-top sampling" where we construct the signal

xsan (t) as follows:
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Let
1X(jo)|
1
1 O<t<7
pt)= -t
0 else 0 T
Then
oo
xsan(t) =Y, x(KTy) p(t —kTy)
k=—cc

Can we perfectly recover x(¢) from xgaz(¢)? Let’s evaluate Xsay (j®). We have:

~+oo
xsan (1) = Y, x(KTy) p(t —kTy)
oo ———
p(t)*8(t—kTy)

(linearity of conv.) = p(t Z x (kTy) 6 (t — kTy)

Xsan(jo) = P(jo)- ‘(J'w)

(8_6)P]a) ZX ® —nawy))

n=—oo

This is only possible if P(jw) # 0 for all ® € (—mg, wp), otherwise m

s Example 8.2 If

1X(jo)]
1
pt) = t

0 T

Then
w
P(jo)= -e Jmsmc<2r)

and
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P(jo)]

_2n —wg 0 0p 2

So,aslongas 2 > wp <= T < =L ‘then P(jw) # 0 for all ® € (—wp, ®p) and an equalizer
exists. In general, as T becomes smaller P( Jj®) becomes "flatter" over (—wg, ®g), and Xsapy (jo)

gets closer to X;(jm). .

8.4 Natural Sampling

So far we have seen:

1. Sampling x(¢) — {x (kT;)},=" .. with ideal reconstruction, i.e.

xi(t) = L L x (KTy) 8 (1 — KTy) LPF —— x(1)

2. Sampling x(t) — {x(kTy)},~ .. with practical/flat-top/sample & hold reconstruction, i.e.

xsan (1) = L= x (KTy) p (1 — kT5)

equalizer——— x(r)

There is another type of sampling, called "natural" sampling, where the sampled signal is constructed
as follows:
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pr,(1)

N
Here x,,(t) = x(t) - pr,(t) where pr,(¢) is a periodic signal constructed as

~+oo
pr.(t) =), p(t—kTy)
k=—c0
with p(¢) some arbitrary pulse, e.g.

(X(jo)|
1

* Observe that xy () is not flat-top (<= SAH) sampling, i.e. x,(t) 7 xsam(t) since the
ampiltude of x,(r) "follows" x(7).

xn(t) xSAH(t)

* Also note that this is not exactly "sampling" in the sense that x;,(¢) retains more information
about x(t) than {x (kT;)}=° ...
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* Maybe a more appropriate name for generating x,(¢) from x(¢) would be "switching."
Question: Can we reconstruct x(¢) from x,(¢) and how?
Answer: Let’s evaluate X, (j®):
(1) = x(t) - pr,(t)

— X,(j0) = ~=X(jo) + Pr,(jo)

2
but
+oo foo
pr.(t) =Y p(t—kT;)= Y p(1)*8(t—kT)
k=—oo k=—oo
= p(t) * Jio O (1 —kTy)
k=—o0
= p(1) * 67, (1)

Pr,(jo) = P(jo) - F{6r,(1)}

|
:p(jw).le Y 80— no,)

S p=—o0

o & ]
=T n;mP(Jco)S (0 —nay)

o
(sampling property) = TE Z P(jnw)d (0 — nwy)
S p=—o0

and after substitution we get

X, (jo) = lx(jw)*le Y P(jnw) s (0—na)

21 5 g
1 &=

== Y P(jnw)X(j(o—nao))
7?5‘ n—=—oo

—20, — —wg 0 wBI oy 20,

W —

So each replica of X (jw) at na; is scaled by a constant T%P (jnwy). Clearly, if x(7) is strictly
bandlimited with absolute bandwidth g and if the sampling frequency @, > 2wp and if P(j0O) # 0

then we can recover x(¢) from x,(¢) by an ideal low-pass filter:
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T3/P(j0)

for o, € (wp, ®; — @p).

p) P(jO) # 0 means that the pulse p(r) we are using to construct pr,(t) has non-zero DC, i.e.
p(1) =

X (jo)]
1

would be an inappropriate pulse to use!

R) Xu(t) #xsan(t) <= Xu(jo) # Xsan (jo).

X(jo)

—20)3 — Wy 0 (OF 2(03

/\ : : /\/\ /\ 0]
-2y — (0 0 [OF 20
o,

-2 — (0 0 20

For Xsan (jo), each of the replicas is undistorted by p(r), just scaled.

Note that natural sampling (switching) can be used to modulate a signal:
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k-T,
;{ BPF
x(t) o - Xn(t) " atno, — y(t)
H(jo)
+ = + (D
—noy 0 ng
2(1)3
} 1. :
Y(jo)= 7P(ans)X (j(®—nay))

+ =P (—jnwy) X (j(0+nowy))

S =



9.1

[9. Laplace Transform

Motivation I: Many signals of interest do not have a Fourier Transform, e.g.

x(t)

x(t) = e'u(t)

| > 1
or even x(t) = u(t) (strictly speaking) since they are not absolutely integrable:

[ lar ==

It would be useful to define a new transform such that signals such as the above have such a
transform.

Motivation 2: Consider an exponential ¢ through an LTI system, where s = ¢ + jo:

h(t)

x(t) = e = e+ — LTI | y(t) =2

| —
H(s), s=0+jo
So
01 o0t h(t) H(S)ectejwt
general ' LTI general '
exponential exponential
in out

where H (s) is the gain (assuming it exists). This motivates a new transform.

Bilateral Laplace Transform
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Definition 9.1 — Bilateral Laplace Transform. The Bilateral Laplace Transform X (s) of
signal x(¢) is defined as

X(s) = /_ (:x(t)e*“dt ©.1)

where s € C, s = 0 + jw where o is the real part and o is the imaginary part. The above is
defined for all s € C for which the integral exists.

X(s)= /m x(t)e™ O+ gy

= [m (x(t)e ") e/ ar

=7 {x(t)e "}
This exists if x(¢)e°' is absolutely integrable, i.e.

/ ()] Ctdt < oo

The set of complex numbers for which X () is well defined is called the Region of Convergence
(ROC) of X (s):

ROC = {s € C | x(t)e % = x(r)e R is abs. integrable} 9.2)
= Example 9.1

x(1)

a>0

x(t) =eu(t), a €R a<0

X(s) = /+wx(t)e_s’dt = /oo e“u(t)e dt

= [ e
0

Does this integral exist?

o—0)t

‘e(a—s)z‘ _ ‘e(a—o—jw)z — e( ., a<o

SO

X(s)= é, Re{s} >a 9.3)
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| |
s Example 9.2
x(t) = —e®u(—1)
(e} 0
X(s) = / —e®u(—t)e dt = / —e"e™dt
0
—— [ ear
Does the integral exist?
‘e(a—s)t — ‘e(oc—o—jco)t _ e(a—c)z
a—06>0 < o0<a
0
0 —s)t _
_/ @ gy _ _e(a s) :_1 0 _ 1
—oo a—s a—s s—a
So
1
X(s)=——, Re{s}<a (9.4)
s—a

ROC
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Observe that both examples result in:

This alone cannot uniquely specify x(7)! For a Laplace Transform we need both pieces of informa-
tion, X (s) (the algebraic expression) and the ROC.

= Example 9.3

X(s) = / x(l‘)eistdt _ / 3¢~ 2o gt _|_/ Aet e dt
- 0 —oo

~~

ex. 1 ex. 2
1 1
=3. —4.
s+2 s—1
Re{s}>-2  Re{s}<l
3 4
=~ T <R 1
s+2 s—1’ <Re{st <
jo
| (N
'ROC|
l - l > O
—2 imad 1
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s Example 9.4

1
_ 1 t
x(t) = rect(t) 10 1
2 2
1
1 —st |2 —s5/2_ ,+s/2 s/2__,—s/2
X(S): 21'e—stdt: efs _%7 5#0: £ 7: 5 S#O: e —e Se y S#O
-1 1, s=0 1, s=0 1, s=0
Since 1-e~°" -rect(r) is always absolutely integrable, the integral exists. .

= Example 9.5

x(t) = 3e”u(t) +4e"u(—1)

x(t)

+o0 0
X(s) = 3/ eXe 1 dt 44 / e e
0 —o0

5%2, Re{s}>2 7SJ%1, Re{s}<—1

ROC=0

So far we have seen 5 different ROC types:

Re{s} > Opin

Re{s} < Opax

ROC { Gpin < Re{s} < Opax
C

]

\

9.1.1 Observations:
* ROC only depends on Re {s} = o:

0

s € ROC <= x(r)e " is absolutely integrable —> only Re {s} matters.

* These are the only possible ROC types!

9.2 Right (Left) Handed Signals
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Definition 9.2 — Right and Left Handed Signals. A right-handed signal (RHS) x(¢) is a
signal for which there exists a o such that x(r) = 0 for all t < 1y (t > 1). A left-handed signal
(LHS) x(¢) is a signal for which there exists a #o such that x(r) = 0 for all 7 > 1.

A N

t >

Io

ROC:s for right-handed signals are:

C
ROC < 0
Re{s} > Ouin

Proposition 9.1 For a right-handed signal, if s = ¢ + j® € ROC then any s’ = ¢’ + jo’ € ROC
for o’ > 0.

Proof. Assume s € 0+ jo € ROC
— / ()]~ dt < oo
4]

:>/ x(t)|e~(®+" =gt < oo
Io

>0

- ,—//A
= |x(t)]e*6/te(6 —0)! <o
fo
— [ |x(t)]e %" "0t < oo

to
s (00N / (1) dr < oo
]

— [ |x(t)|e %"dr < oo
to

— s =o'+ jo’ € ROC

Inverse Laplace Transform
How do we find x(¢) from X (s) and ROC? Pick any 6y € ROC
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Recall:

X (0+ jo) = 1 " x(t)e(o0HioN gy
= _oox(t)efcotefjmtdt
=7 {x(t)e "'}

— using .# !,

1 [ ;
x(t)e %" = ﬂ/ X(op+jo)e!dw
1

27refc‘)t /_ooX (0o + jo) e’ dw

= x(t) =

1 [ .
= |x(t) = El X (00 + jw) @ g

— x(t) is a weighted sum (actually integral) of general exponentials e%e/®",

— Compare with Fourier Transform:
x(t) = 0= / T X(jo)e® do
27 J o

so x(¢) is a weighted sum (actually integral) of pure complex exponentials e/" (for all
frequencies @ € R).

By change of variables you can rewrite the inverse Laplace Transform as follows:
Sets = 0p+ jw, ds = jdw:

1 0p+joo 1 0p+ joo
x(1) / x(s)er %S = / X(s)e"ds

S 2r Op— joo J B 2nj Joo—jeo

Let’s simplify this expression for real signals x(z).

Proposition 9.2 If x(¢) is real, then X*(s) = X (s*).

Proof
X(s) = /_ ix(t)e*‘“dt
X*(s) = /7 ix(t)*e-s*fdz
= wx(t)e*”dt
X

The above proposition is a generalization of Hermitian symmetry.


anastas
Highlight
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Now take a real signal x(7).

1 [ .
x(t) = ﬁ/, X (0p + jw)elo0tiordo
e

- X (o i® (co+jw)tdw
27 Jo (o0 +jw)e

1 /0 .
e / X (0 + jo) el @ g

o'=—w

Using the substitution ®' = —®, we can rewrite the second integral as:

1 /0 L
L oo

_ 1
2n

-5:; N
/ X (00— jo') @19 (dey')
0 ~——

(co+jw)”

1 [+ B
:g/ X* (Go—i—ja)’) e(G()*jw)tdw/
0
Therefore,
1t | |
)= 21 / X (oo +j) PSS (0o +jw) e(00—J0) | e
O TV
Z 4
Lo, ]
5 R
27 Jo e{z}dw
1 h : /X i o)
— 27717 zRe{|X (0p+ jo)|e (00+j®) (00 +j) }dw
0
1 [+
x(r) = E/ |X (00 + jo)| e cos (wt + /X (0p+ jo))dw
0

This i ighted integral) of tiall ighted i
is is a weighted sum (integral) of exponentially weighte cosines

290! cos(wt+2X (cp+jw))

Unilateral Laplace Transform

From now on we will only consider RHS (right-handed signals), and in particular, signals with
x(t)=0forall7 <0.

Definition 9.3 — Unilateral Laplace Transform. We will define the "one-sided" or "unilateral"
Laplace Transform of x(z) as

~+oo

X(s) = / x(t)e "dt 9.5)

The lower bound of the integral is 0~ so we can deal with §(¢), deltas at ¢ = 0.

C
ROC{ 0
Re{s} > Gyin (RHP)
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jo
. ROC
‘ c
Omin :
9.5 Examples of Laplace Transform Pairs
1.
o 1
u(t) «— N 9.6)
Proof.
* 1 |
/ ult)e™dt = —=e| =-
- s 0o S
if Re{s} > 0.
ROC: [ |u(t)|e”®'dt < oo if and only if o > 0, i.e. Re{s} > 0. O
2.
5(1) <% 1 9.7)
Proof.
/7 6(t)e "dr =1, forall s
ROC: [y° [8(t)|e°'dt < oo for all o, i.e. for all s. O
3.
ety Ly 9.8)
s+a '
Proof.
/ e “u(t)edt = / e~y
- 0
1 a
_ e*(d“r&)l
s+a 0
1
=ra Re{s} > —Re{a}
ROC: f(;i |e7(a+s)t{dt — f(;i e~ [Re{a}+Re{s}]r 74
o Jo |e7 @) | dt < oo if an only if Re {a} +Re{s} >0 => Re{s} > —Re{a} O
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(o real-valued).

Proof.

/ " cos(@t)u(t)edi = /

cos(@t)u(t) +—

s2 + w?

0
1—d
_Es—ja)
111
_Es—ja)+5s+ja)

oo

e—(s—ja))t

N
52+ 02’

if Re{s} >0

9.9)

<1 . <1 _.
5ej(()l‘efsl‘dt +/0 Eefjwlefstdt

oo

e—(s+]a))z

0 ES“V‘J(D 0
if Re{s} >0

ROC: [;|eX/®" -~ |dt = [ e~®'dt < o if and only if 6 > 0, i.e. Re{s} > 0. O

p) The ROC’s of each of these four Laplace Transforms are RHP’s, or in the case of (2) the

entire s—plane.

Signal Transform ROC
1. u(r) l Re{s} >0
2.u(t) —u(t—a) 1=e For all s
3.0(t) 1 For all s
4.6(t—a) e For all s
5. t"u(r) S,ﬁ%,n:l,Z,... Re{s} >0
6. ¢ u(r) ﬁ Re{s} > —a
7. t"e “u(r) AT Re{s} > —a
8. cos apru(t) Szng Re{s} >0
9. sin wptu(t) oy Re{s} >0
2 2
10. cos? wotu(t) ﬁ Re{s} >0
« 2
11. sin® atu(t) S(Si% Re{s} >0
12. e~ cos mptu(t) m(;riziwg Re{s} > —a
13. e~ sin wptu(t) 7(s+a‘;’§’+wg Re{s} > —a
14. 1 cos wytu(r) ( “'22;:)"5)2 Re{s} >0
s 0
15. ¢ sin wpru(r) 22“’(”2 5 Re{s} >0
(s +w0)

Table 9.1: Some Selected Unilateral Laplace Transform Pairs

In the above table, @ and @y are real-valued quantities.
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9.6 Laplace Transform Properties
9.6.1 Linearity

If
7
xl(t) <—>X1(s), ROC R,
and
<z
XQ(I) —— XZ(S), ROC R,
then

axi (1) +bxa(t) <2 aX, (s) + bX (s) (9.10)

and R; "R, C R, where RT is the ROC!.

= Example 9.6

x(t) = Au(t) +Be " u(r), b real-valued
z 1
u(t) <5 =, Re{s} >0
s

—bt z 1
t —- R —-b
e u()Hs—i—b? e{s} >

_ v A B
Cx(t) «— s + P Re{s} > max(0,—b)

9.6.2 Time Shifting
If

x(t) << X(s), ROCR

then for any positive real number 7y,

x(t—tg) <25 e X (s)|, ROCR 9.11)

Proof.

/ x(t—1t9)e dt = / x(1)e ST (let T =1 — 1)
- 0~ —1y

— e ["x(e)e"dx since x(7) = 0 for T < 0)
A

=e 0X(s)

O

I'The ROC of ax; (t) 4 bx(¢) can in some cases be larger than R; NR,. For a trivial example, let x| (t) = 8(¢) + e u(t)
and xp(r) = —e "u(t). Then X;(s) = 1+ Hil, Re{s} > —1 and X,(s) = fﬁ%, Re{s} > —1and Y(s) =1, for all s,
where y(t) = x1(¢) +x2(¢).
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s Example 9.7

9.6.3 Modulation
If

then

Proof.

= Example 9.8

" e ¥ cos mptu(r)

Z

x(t)

A

[1—e7*], ROC is entire s—plane

x(t) «<— X(s), ROC: Re{s} > oy

e x(1) Zox (s —s0

)

/7 e x(t)e ™ dt = /7 x(t)e= %) gy

=X (s—s0), Re{s—s0} > 0y

&
cos wytu(t) <—

<

S

s+a

0

—, ROC :Re{s} >0
52+ o} s}

(where a is real-valued).

9.6.4 Time Scaling
If

(s+a)>+ w;

x(1) &X(s), ROC : Re{s} > oy

then for any positive real number «,

Proof.

o

1
x(ar) <L —X

(

N

o

)

o i 1
/ x(at)e Vdr = —

01
1

=—X

(04

, RG{S} > 0Oy

2a

/7 x(T)e«dt (let T = aur)

(3> : Roc:Re{f} > 6o
o

a

, ROC :Re{s} > op+Re{so}

5, ROC :Re{s} > —a

9.12)

9.13)
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9.6.5 Differentiation

It
x(t) «<Z5 X(s), ROC: Re{s} > oy
then
dx(t) « _
o < sX(s)—x(07)|, ROC: Re{s} >0, 01 < 0y 9.14)
The ROC is at least as large as the initial ROC.
Proof.
dX(l) e—Stdt

o- dt

Letu=e ¥, dv=dx(t) ... du = —se *dt, v = x(t) (integration by parts).

oo d oo
/7 );(tt) e dr = /7 udv

= |y — vdu
i

oo

= x(t)e | +s/7 x(t)e *dt

=—x(07) +sX(s)

Note that if s is in the ROC of X (s), then [5° |x(t)|e”RelsD dt < oo, and .*. lim; s x(t)e ™ = 0. O

This result can easily be extended to higher order derivatives. Let x(") (1) = dz;,(f) and Z{-}
denotes Laplace Transform. Then

8% {x<2> (;)} =5 {x(l)(t)} —x(0)
=5 [sX(s)—x(07)] —x((0)
) x1(0)

=5"X(5) —sx(07) — 9.15)
Similarly,
2{30(0)} =X (5) = 2 (07) 51 (0) ~x(0) 9.16)
2 {90} = 5% (9) =5 (07) ~s2(0) ~x?(0) —2(0) ©.17)
n—1
@ {x(n) (t)} _ SnX(S) _ Z Skx(’lflfk) (07) 9.18)
k=0
where x(0) = x.

The differentiation property makes the Laplace Transform useful in solving ordinary, linear,
constant coefficient differential equations. Specifically, we can use the Laplace Transform to
convert such a differential equation into an algebraic equation.



186 Chapter 9. Laplace Transform

s Example 9.9
y'(t)+3y' (1) +2y() =0, y (O_) =3&Y (O_) =1
Taking the Laplace Transform of both sides,
. [SZY(S) —sy(07) =y (07)] +3[sY(s) —y(07)] +2¥(s) =0
Y (s) [sz +35+2] =35+ 10
Y(s) 3s+10

- s2+3s5+2
7 4

:s+1_s+2

o) 14
=2 {s—l—l s+2

=Te u(t) —4e 2 u(r)

= Example 9.10

25+1 1/2 32

Y(s):s(s+2): s s+2

9.6.6 Integration

If
x(t) JEIR X(s), ROC: Re{s} > oy
then
! X
/7 x(t)dt EIN is) , ROC: Re{s} > max(0,0)) (9.19)
Proof. Let

y(t) = /tx(r)df = d)c;(tt) =x(t) &y(07) =0

L Y(s)= /ioy(t)eﬂ’dt

Now integrate by parts by letting u = y(t), dv = e *dkt.
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Now if s € ROC of Y (s), then [;° |y(t)e™|dt < oo and thus lim,_,., [y(t)e~*| = 0. Hence,

1
Y(s)=-X(s)
S
O
Thus integration in the time domain is equivalent to division by s in the s—domain.
s Example 9.11
1
u(t) £~ ROC: Re{s} >0
S
! 1 /1 1
. tult) :/ w(t)dr s - () = —, ROC: Re{s} >0
- S N s
n
Multiplication by ¢"
If
x(t) «<Z5 X(s), ROC: Re{s} > oy
then
d"X
x(1) <2 (—1)" y ff) , ROC: Re{s} > oy (9.20)
S
Proof.
X(s) = / x(t)e dr
0
an (S) 5] dne*Sf
= t dt
ds" /o— *t) ds"
— / (=1)"x(t)e " dt
0
— (—1)" / (1)) e di
Note: repeated powers of ¢ will not affect the ROC.
% d"X(s)
t"x(t —1)"
x(r) L (-1
O]

= Example 9.12

Z

x(t) = e “u(t) «— H_1a7 ROC : Re{s} > —Re{a}

|
e My(r) s (SfT ROC: Re{s} > —Re{a}

tnfl e—at @ 1

RICED] (s +a)

, ROC: Re{s} > —Re{a}
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9.6.8 Convolution

If
x1(1) <% X1 (s), ROC: Re{s} > o
(1) <2 X5 (s), ROC: Re{s} > 0>
then

x1(1) % x2() <2 X1 (5) X (s) 9.21)

ROC: Is at least as large as Re {s} > max(oy, 02).

Proof.
X1 () x2(1) :/_le(r)xz(z—m)
= wxl (T)x2(t — 7)d7 (since x1 () = 0 for t < 0)
2oL () xxa ()} = / [/ T)x(t — ’L')d’r] St

(switch order of integration) = / x1(T) [ / x(t — T)e”dt} dt
0 0~

Now do a change of variables N =¢ — 7:

/ioxl(T) {/Omxz(t—f)e‘"dt} dt = /wxl(r) [/Omrxz(n)e“'(””)dn} dt
—/ xi( [/ x2(n)e ”’dr] e *dt

— [ xi(r)edr /wxz(n)e*mdn
.

o
= X1(s)Xa2(s), ROC : at least as large as Re {s} > max (o1, 0,)
O
s Example 9.13
4 z 1
xi1(t) =e"u(t) «— , ROC: Re{s} > —1
s+1
—2 < 1
x(t) =e “u(t) «— r2 ROC : Re{s} > -2

x1(f) xx2(t) = /:oe_(t_r)u(t —1)e*u(t)dt

=e! /Ote_rdru(t)
( —t 2[) M(l‘)
z{[ -t _ —21 } /7 —stdt

1
= , ROC: R > —1
s+1 s+2 (s+1(s+2)) elsh

=X (s)Xa(s)
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9.6.9 Final Value Theorem
If

o)

exists, then

limx(7) = limsX (s)

t—roo s—0
Proof.

g{d):l(tt) } = /io ab;(tt)e”dt = [sX(s) —x(07)]

.1 mdx(t) —st —1i -

: %gr(l) ¢ dt—igl(l)[sX(s)]—x(O )

oodx(t) : —st _1i -

- ar ig% (e )dt—}%[SX(S)] —x(07)

- Aff)=g%bX@n—x®)

tll_}lgx(t) —x(07) :}ig(l) [sX(s)] —x(07)

if limx(7) exists.
t—ro0

s Example 9.14
x(t) = 3u(t) +e > u(t)

then
X(s) = >+ —— Re{s} >0
§s)=-+——=, Re{s
s s+2’
tlim x(t) exits and is equal to
—>00
: =2t _
lim [Bu(t)+e > u(r)] =3
. . 3 1
limsX(s) = lims |-+ =3
s—0 s—0 |s  s+2
) = ligsX )

= Example 9.15
x(t) = cos(@ot)u(t)

then
K
X(s)=—=———, Re >0
)= g Rel®)
. . N .
o limsX(s) = lims- orgg =0 7 fimx0)
= lim cos(wyt)
[—>o0

which does
not exist

(9.22)
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Poles and Zeros of Laplace Transform
Let X (s) be the Laplace Transform of x(z).
| Definition 9.4 — Zeros. sy is called a "zero" of X (s) if

X (s0) =0 (9.23)
Definition 9.5 — Poles. s is called a "pole" of X (s) if
| X (s0)] = o0 9.24)
m Example 9.16

245 (s—i—jﬁ) (s—jﬁ)
T $B 472+ 145+8 (s+1)(s+2)(s+4)

X(s)

+j+/5 are zeros of X (s)
—1, =2, —4 are the poles of X (s)

It is always instructive to sketch poles/zeros on the s—plane. E.g.

Im{s}
bivs
» Re{s}
—4 -2 -1
PV
The circles denote zeros and the crosses denote poles. "

Proposition 9.3 If x(¢) is real, then poles and zeros of X () appear in complex conjugate pairs.
Le., if

X (s0) =0 = X (s5)=0
and if

[X (s0)| = 0o == |X (sp)] = o

Proof. Recall that for real x(¢), X*(s) =X (s%),s0if X (so) =0 = X" (s50) =0 = X (s) =0,
and similarly for poles. O

9.8 Rational Laplace Transforms

I Definition 9.6 — Rational Laplace Transform X (s). We say that X (s) is rational if it can be
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written as
N
X(s) = 1)8 9.25)
mf b k
_ ZZI:Z a’;jl (9.26)

where N(s) and D(s) are polynomials of s. If deg(N) =m < deg(D) = n (note that this is a
strict inequality), we say this rational form is in "proper" form. Else, it is in "improper" form.

Clearly, poles of X (s) are the roots of D(s) and zeros are the roots of N(s).
s Example 9.17

$2— 2542 [s = (14 )]s — (1=

X(s) = s+ 453 4+4.2552 - 52 [s— (—2+%j)} [S_ (_2_ %J)]

The zeros are 1+ j, 1 — j, and the poles are O (twice), —2 + %j, —2— %j.

Im {s}
A

T
 SRRRRES 7R
1 @
} T ‘Re{s}

—2! 1

AR 3|

_.] ,,,,, O

9.8.1 Partial Fraction Expansion (PFE) and Inverse Laplace Transform

Finding the inverse Laplace Transform of a rational X (s) is a simple procedure (algorithm) that

requires Partial Fraction Expansion (PFE) of X (s) = ZEQ

Definition 9.7 — Partial Fraction Expansion (PFE). Assume X (s) = ﬁﬁg is given (proper), and
assume the distinct poles are:

1,582,583, ..., Sp
with multiplicity | | | 1
ki ky kp
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Then, the Partial Fraction Expansion (PFE) of X (s) is
(1) (1) (1)
A A A
X(s) = - VR Rk e
s—581 (s—s1) (s—s1)
2 2 (2)
AY LAY A
_ 2 153
§=52  (s—s) (s—s2)
+..
(p) (P) AlP)
A A
1 P A 9.27)
S=8p (s=5p) (s —sp)"

p) Each distinct pole s; contributes k; terms in the PFE.

— We will see shortly how to compute the coefficients Al(j ) in the PEE.
— For now assume that they are computed.

How can we find x(¢) from X (s)? Recall:

n—1 .
(nt— 1)!eimu<t) = (s—i—la)”
ROC: Re{s} > —Re{a}
s Example 9.18
352 +25+5

X6) = 55926537 72)

Poles: -5 -3 -2
Mult: 2 3 1
1 1
v A Ay
(5)=—= 3
s+5 (s+5)
2 2 2
AP A AP
s+3 (S_|_3)2 (s+3)(3)
AP
s+2

x(t) = A eu(e) + Ay 1e ™ u(r)
+ AP ey () + AP e u(r) +4Y ﬁe%tu(t)
1 2 3 2

—|—AE3)e_2tu(t)

s Example 9.19
X(s) §2—25+2 §2—25+2
S) = =
S 45 +52 P [s— (=24 )]s — (—2—))]
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Poles: 0 —24+F 22—
Mult: 2 1 1
Note that the poles —2 + j and —2 — j form a complex conjugate pair.

1 4 (2) (3)

_A A A Ay

X(s)= s T +s—(—2+j)+s—(—2—j)
x(t) = Agl)u(t) +A§1)tu(t)

+Ag2)e(_2+j)tu(t) +A§3)e(_2_j)tu(t)

Since x(7) is real, it has to be that A§3) = Agz)*. So combining the terms we get:
x(t) :Agl)u(t) +A§1)tu(t)
+2Re {Agz)e(_zﬂ)’u(t) }

= Ay + AP ru(r) +2 ‘AEZ) ‘ e cos (t + 4A(12)> ul(r)

This is an exponentially decaying cosine with frequency Im{—2+ j} = 1 and growthrate Re {—2+ j} =

—2. n

9.8.2 Generalization

* Every real pole s; = o; + jO results in the following time-domain signal:

t2 tk]*l
Aﬁ”+Agl)t+Agl)f+---+A,(f) e oM u(r) (9.28)
2 e (k—1)! §
polynomial behavior exponential
behavior

* Every pair of complex conjugate poles s; = 0; + joy, sp = s; = 0; — jay results in

r ki—1
thi .
AV LAV 4 A } O I ()

ki (kg — 1)1
[ A
A

)% )% (1) 7
D 40) AL e
| ot —joyt
AJZM;-F +41 G—1) e eI My(t)
=2 HA?)‘COS <a)1t —i—ZAY)) + ’Ag) tcos (a)lt—i- AAgl)) +...
=1

(k —1)!

+ [af)

cos (a),t + AA,(;)” e (1) (9.29)

p) The ROC of each term of the form r*¢"u(t) or t*cos (ot + @) e%"u(t) is Re {s} > 0;. So
the overall ROC is the intersection of all these ROC:s, i.e. the RHP extending to the right of
the rightmost pole.
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Im{s}

X ROC

Re {s}

9.8.3 How to Find the Coefficients of the PFE
Two methods:

* Method 1: Works well for simple PFEs (e.g. 2-3 terms), set up system of equations/unknowns
and solve it.

= Example 9.20

Nl 1 A B
O = 5 00672 s+ 512
_A(s+2)+B(s+1) (A+B)s+(2A+B)

(s+1)(s+2)  (s+1D(s+2)
= (A+B)s+(2A+B)=1, Vs

A+B=0 B=-A B=—1
> —
2A+B=1|2A-A=1 A=1

* Method 2: Residues. We describe this method through examples for the two cases of
non-repeated roots and repeated roots.

Case #1: The roots s1, 52, ..., s, of the denominator polynomial D(s) have all multiplicity 1.
Then the partial fraction representation of X (s) is:

X(s)= + +--+ (9.30)

Now, observe that
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Thus, in general, when the roots of D(s) are not repeated, we get

A; = 1lim X (s) (s—s;) 9.31)

S—>8;

m Example 9.21 Express

_ s?+5 _ 52 +5
ST+ 145 +8  (s+4)(s+1)(s+2)

X(s)

in partial fraction form. The zeros of the denominator are —4, —1, and —2 and each is of multiplicity
1. Thus we can write

A Ay Aj

X(s) = :
(s) s+4+s+1+S+2
where
s> +5
A= i 4)X(s) = lim ———<r——
1= lim (s +4)X(s) = lim TG 2)
_7
2
similarly
(s2+5)
Ay = li DX(s) = lim ———c——x
2 s_lffll(s"‘ )X (s) R (s+2)(s+4)
=2
Az = lim (s+2)X(s) = lim .
- s s)= (s+1)(s+4)
3TN -2 (s+1)(s+4)
__9
2
Therefore

722 92
X(s) = _
(5) s—|—4+s+1 s+2

Lx(t) = %e%tu(t) +2e"u(t) — gefmu(t)

The methodology is exactly the same when we have complex roots.
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m Example 9.22 Complex Conjugate Poles:

4s+10
X(s)= 12
(5) 242542
RO
s+(1+7)  s+(1—))
(1) . . 4S+10
AV = 1 1 _—
1 HJ??H)[”( il a2
4 10
- L S

s i) s+ (1= )
AP =[] =23
- x(f) = 2Re {A(f)e*(“f)’} u(t)
=2 )Agl) ‘ e ' cos (—t + 4A51)> u(t)
=2V13¢ " cos <t —tan~! ;) u(t)

Observe that for the case of non-repeated roots (i.e. roots of multiplicity 1) the coefficients
A;’s in the partial fraction expansion

N(s) & A
(s) D(S) kgl 5§ — Sk ) (sk) ) ) Y ?p
can also be computed as follows:
N(Si)
A= 9.32

where the "prime" denotes differentiation with respect to s (i.e. d/ds).

Proof.
A= sh—r>Isl, (s—si) X ()

. N(s) . : B

= slgl;l, B = N(sl)slgrsli W (since D (s;) = 0)

_ N(s)

- D'(s)

]
s Example 9.23
2
X(s) s 45

- s3+7s2+ 145+ 8
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The roots of the denominator are —4, —1, and —2. N(s) = s> + 5 and D/(s) = 3s> + 14s + 14.

Ay A A3

. X —
- X(s) s—|—4+s+1 +s+2
N(—4) 21 7
A] = = — = —
D'(—4) 6 2
Ay = N(-1) :9:2
D(—1) 3
N(-2
A NC2D) 0
D(-2) =2
Note that above result is identical to that obtained earlier. n

Case #2: One of the roots s1, 52, ..., s, of D(s) is repeated (i.e., it has multiplicity > 1).
Suppose, for example, the root s; has multiplicity k; and the remaining roots {s2,s3,...,s,} are all
of multiplicity 1. Then the form of the partial fraction expansion becomes

(1) (1) (1)
A A A
X(s)= | H—F 24—
s=S1 (s—s1) (s—s1)
Agz) A?) A(]P)
T T 9.33)
S—5) S—83 S—Sp

Now consider the terms in Eq. (9.33) containing the root s; of multiplicity k;. It is easy to see
that

A = lim (s— )" X (s)

Nl
1 . d
AQLy = lim [ (s =) X ()]
o Li[_ K }
Akl*’_slg?l rlds” (s=91)" X(s)

As before, for the remaining poles s; of multiplicity 1, we have

AV = Tim (s—s5;) X (s)

S8
= Example 9.24

s+2

X0 = G
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The roots are —1 and —3, and the multiplicites are 3 and 1, respectively.

1 1 (1)
A
s+1 0 (s+1)2  (s+1)3
+A§2)
s+3
. 3 . S—|—2_1
A3 _s1—1>I£11(S+1) X(S)_sl—1>r£11S+3_2
m_ . d 3 o d [s+2
A" = Jim 22 (s +1)°X(5)] = lim, 2 [s+3
= lim 1
s (S—|-3)2 4
2
W _ o 1d X (s)] = fim 2 __1
A= Jim o e 6D X(s)]_sl—lgll2(s+3)3_ 8
2 . o s+2 _l
A _SET3(S+3)X(S)_ lim GriF 8
X = —M8, LA 12 1/8
S)=
s+1 0 (s+1)2 (s+1)3 s+3
1 1 1 1
L x(t) = —ge_’u(t) + Zte_’u(t) + the_’u(t) + ge_3’u(t)

9.6.4 MATLAB and Partial Fraction Expansions
Doing partial fraction expansions by hand is very tedious and subject to careless errors. Why not
let MATLAB do it for you?
Suppose you have some rational function % where the order of the numerator polynomial
N(s) is less than or equal to the order of the denominator polynomial D(s). Then
1. Write N(s) and D(s) as vectors, where the vectors consist of the polynomial coefficients in
descending order.

= Example 9.25

N(s) s+2
D(s) s*4+6s3+125s2+10s+3
_ s+2
~ (s 1)3(s+3)
N = [1,2];
D= [1,6,12,10,3]; (]

2. Use the MATLAB command residue to find the partial fraction expansion
[R,p,K] = residue(N,D);

This command returns values for the coefficients, R (a vector of values) in the partial fraction
expansion; the roots, p (a vector of values) of D(s); and K represents the quotient of the
division between N(s) and D(s) (if the order of N(s) is greater or equal to the order of D(s));
otherwise, K = [ ].

MATLAB Program:
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> N [1,2];

»D [1,6,12,10,3];

> [c,p,k] = residue(N,D);
» C

2]c =
0.1250
-0.1250
0.2500
0.500

> p

2]p =
-3.0000
-1.0000
-1.0000
-1.0000

> k

2]k =
(]

The roots of D(s) are stored in p (with their multiplicities), and the coefficients corresponding
to the roots of D(s) are stored in c.

) s+2 ~0.125 0.125+ 0.25 n 0.5
s+ 1D3(s+3)  s+3 s+l (s+ 12 (s+1)3

Note that this result agrees with what we got earlier.

9.8.5 Other Useful MATLAB Commands

1. Consider two polynomials represented by two vectors U and V consisting of their coefficients
in descending order. Then the command conv (U, V) multiplies the two polynomials and
returns a vector of the coefficients in descending order.

= Example 9.26

(1ju = [1,2]1;
vV = [1,2,3]; ) MATLAB program
conv(U,V)
Result — [1,4,7,6]
Thus (s +2) (s> +2s+3) = 5° +4s> + 75 +6. n

2. Given a polynomial represented by a vector V consisting of its coefficients in descending
order, the MATLAB command roots computes its roots.

= Example 9.27
[I]V = [11_3’2] H

MATLAB program
roots(V)

Result — ;
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Thus the roots of s* —3s+2 = 0 are 1 and 2. n
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9.9 System Transfer Function

Recall
e — LTI H(s)e"
for all s € ROC of h(r).
Definition 9.8 — System Transfer Function.
A [T
H(s) = / h(t)e™*dt (9.34)

is called the system transfer function (TF). If jo € ROC then

H(jo) = H(s)|

s=jw

is the frequency response function (FRF).

(9.35)

Using the convolution property of Laplace Transform, for any input x(¢) (with x(¢) =0, t < 0) we

have

x(t) —— LTI +— y(?)

Y(s)=X(s)H(s) (9.36)

= Example 9.28

(1) =?
= ! R 1
(s) = Sl e{s}>—
(5) = %2, Re{s} >2
V() = HOX(O) = (i = = s 1p + 5 oy Rels) >2
= y(t) = —%e*’u(t) + %e%u(t)

p) We cannot solve this problem with Fourier Transform, since x(¢) = ¢*u(t) does not have a
Fourier Transform (it is not absolutely integrable).
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For systems described by LCCDE, e.g.
3y"(t) + 2y (t) + Sy(t) = 4x(t) + 6x/ (1)

the Transfer Function can be found easily as
6s+4

H(S)=5——
)= 32 2545
as we did with Frequency Response Function.

m Example 9.29 Find the response of the system described by the LCCDE
V(1) + 3 (1) + 23(0) = x(1) +2(1)
when the input is x(¢) = u(¢) and initial conditions are y (0~) =1,y (07) = 4.

Apply Laplace Transform derivative property:

[szY(s) —sy(07) =y (07)] +3 [s¥(s) —y(07)] +2Y(s)
0

sX(s) —M

=X(s)+

—
(s*+3s4+2)Y(s) = (s+ 1) X(s)+ (s+3)y (07) +¥' (07)

L e Ty

= Y(s) = X
0= 232 W e 3
——
TF ZIR
| ——
ZSR
The ZSR depends only on X (s) and the ZIR depends only on the initial conditions. "

BIBO Stability

Consider a causal LTI system with impulse response 4(¢) and transfer function H(s). Recall that
such a system is BIBO stable if and only if /(7) is absolutely integrable, i.e.

—+oo
/ h(1)|di < o = H(jo) exists < jo € ROC of H(s)

However we know that the ROC of H(s) is a RHP extending to the right of the right-most pole of
H(s). So

Im{s}

X ROC

i » Re{s}
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or

1 - Re{s}

So the jm axis belongs to the ROC if and only if all poles of H (s) are strictly to the left of the
jo axis. Thus,

A causal LTI system is BIBO stable if and only if all poles of H(s) lie in the left half plane
(LHP) (strictly), i.e.

Re {Sl} <0 (9.37)

for all poles s; of H(s).

Simple Test for Stability
We can check if the poles (roots of D(s)) are on the LHP without finding the roots.

Motivation: The roots of a quadratic (ax> + bx+c) are

—b++/b?—4ac
2a

ryp =

The sum of the roots is —Z and the product of the roots is ;. So if a, b, ¢ > 0 then both roots are
negative!

Routh-Hurwitz Test:

For a 2" and 3" order polynomial

oo+ ous+s% if ag, >0
then all roots are on the LHP.
Oﬂo+(X1S+(X2S2—}—S3Z if o, o, 0 >0
AND a0 > o
then all roots are on the LHP.

Frequency Response Function vs. Transfer Function

Consider a causal LTI system with transfer function

s+2.5
(s+2)(s+1+2j)(s+1-2))

H(s) =
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The poles are —2, —1£2j = stable = FREF exists. The frequency response function is
therefore

B jo+2.5
IO (jo+2)(jo+142))(jo+1-2))

H(jw) = H(s)|

H(s) and H(jw) contain exactly the same information: from either we can extract A(¢) and this is
all the information needed to fully characterize the LTI system.

Q: How do we visualize H(j®)?
A: Bode plot, i.e. plot |H(jw)| and ZH (jw) with respect to o.

= Example 9.30

s+2.5
H(s) =
(5) §3+4s24+9s+10
) 25+ jw
H(jo) =
(jo) (10—40%)+j (90 — 0?)
Bode Diagram
T T T T T T ‘ T T T
—201 N
=)
=
o —40F .
k!
2
k=
3
= 60| |
_80 (| (| L1170
107! 10° 10! 10?
O T T T
—50 N
B
=
2 100 |
=
~
—150 -
(| (|

107! 10° 10! 10
Frequency (rad/s)
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* From this information we can answer questions of the sort: "What is the output y(7) when
the input x(#) = Acos (wof + ¢)?" (cosine-in cosine-out).

* However it is impossible to answer (by inspection) questions of the sort: "what is the output
y(t) when the input x(¢) = u(r).
For this wee need to:

— Evaluate X (jo) = . {x(1)}
— Evaluate Y (jo) = H(jo)X (jo)
- BEvaluate y(t) = .7 ' {¥Y (jo)}

However, H(s) can help us readily visualize the answer:

s+2.5 1
Y(s)=H(s)X(s) = -
() =HOX ) = T2 61 1=2)) 5
Poles: 0, =2, —1+£2j
—> y(t) = Au(t) + Be >'u(t) +2|C| cos (2t + £C) e " u(t)

9.12 Filter Design and Analysis Based on Poles and Zeros

Consider a system with m zeros (not necessarily distinct) and » poles (not necessairly distinct). We
can write the system transfer function H (s) as

m
H(s) = w (9.38)

where z1,22,...,2, and 51,52, ...,s, are the zeros and poles, respectively. IT follows that

e ]jo—z
H(jo)| = How 939)
and
m n

H(jo) = Z (jo—zx) Z (jo—pi) (9.40)

Note that from a geometric perspective, a term of the form | j@ — s¢| is simply the distance between
a point jw on the jw-axis and some point s = sp in the s—plane. This observation can be used to
design and analyze filters from their pole/zero plots.

Consider for example a filter H (s) that has a single real-valued pole (and no zeros) located in the
LHP as shown below.
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Re {s}

The length L; of the dashed line is L; = | j® — o;|. Then
1 1

! 9.41)

(H(jo)] o

L |jo—ol \/©*+ o}

Clearly (as seen from the above figure), L; is minimum for @ = 0 and increases monotonically as
|@| increases from @ = 0 to @ = oo. Consequently, this filter is a low-pass filter as illustrated below.
It is also clear (geometrically from the figure above) that |H (j®)| will decrease most rapidly with
increasing |®|, when the pole s = o lies closest to the jw-axis. Thus the filter’s bandwidth will be
proportional to o7, i.e. the distance of this pole from the jo axis.

The same geometric arguments can be used to show that a system with a zero at the origin and
a pole in the LHP on a real-axis is a high-pass filter (see figure below).
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R

(a) Passive one pole low pass filter section

R3

(b) Active one pole low pass filter section

+jo

s—plane

fep

(c) Pole location for one pole low pass filter
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C
0 [ o
+ N +
Vin R Vo
(a) Passive one pole high pass filter section
C
+ »—————0
- +
Vin R v,
R.=R
(b) Active one pole high pass filter section
+jo Q f
Q
A \'Q Q(-\ A
s—plane : E : ‘
e fep
_o - O —= DC
__ 1 s
—0 = — ﬁ "‘—’
.'l
i

(c) Pole location for one pole high pass filter

From R. G. Irvine, Operational Amplifiers 3™ Edition, Prentice Hall, 1994.
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How about

o 1
HU®) = o (ot jan)] o~ (00— Jjav)] ©42)

There is a complex conjugate pair of poles, 6y & jwy.

1
A (o)l =77, (9.43)

This results in a BPF behavior.

~ Re{s}

1
H(jo)| = (9-44)

\/[(a) — )+ cg} [(w + )’ + 02

Given a rational system transfer function

N
H(s)= NGs)
D(s)
we can always factor it into ta product of first-order single pole or second-order complex-conjugate
pole sections, i.e.

H(s) = Ho[ [Hi(s) (9.45)
i=1
where
aj s +ai :
H;(s) = ——= 1* order single-pole (9.46)
s+ aj,
(a;, may be 0) or
bi, s> +bi,s +b;
Hi(s) = D0 5"+ BipS + iy 2"_order pair of complex-conjugate poles (9.47)

S2 + b,'4S + bis
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(b;, and/or b;, may be 0). The 2" order filter section directly above is known as a biquadratic filter.
Over the years a whole collection of circuits (see for example R. G. Irvine, Operational Amplifiers
31 Edition, Prentice Hall, 1994) have been designed to implement 1%'-order and biquadratic filter
sections. These filter sections can then be cascaded to realize an arbitrary rational system transfer
function
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Introduction to control (viewgraphs).

10.1 Components

e "Plant":

x(t) ——— P(s) ——— ()

i.e. the system that needs to be controlled.

¢ Controller:

A device to be designed.

* Open Loop:
x(1)
r(t) ——— C() ) P(s) ()
* Closed Loop:
) —- e L e - (1)
H(s)
<sensor
Por(s) =C(s)-P(s) (10.1)
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Y=P-X=P-C-E
— Y = PC(R—HY)
E=R—-HY
Y PC
1+ PCH)Y = PCR T
— (1+FPCH) ~ R 1+PCH
P(s)-C(s
) = TP I COIHD) (10.2)
Also,
PC
E=R—HY=R—HR——
1+ PCH
HP 1
_r(1-APC Y L
1+PCH 14+ PCH
E(s) 1
- = 10.3
R(s) 14+P(s)C(s)H(s) ( )

10.2 Design Process

Given P(s) we study different types of open/close-loop control C(s) with the following design
goals (in order of significance):

(a) Stabilize the plant.

(b) Reduce the steady-state error e(t) between the command r(¢) and the system output y(z) for
different "test" signals, e.g. u(t), tu(t), t*u(t).

(c) Reach the steady-state as soon as possible.

s Example 10.1 Control of DC Motor:
Model:

Im{s}

Vy —x = P(S) = Re {s} (10.4)

s+ 1) SN

unstable

pole

where x(¢) is the input voltage and y(¢) is the phase of the rotor (not angular velocity).
b
x(t)=bu(t) = X(s)=—
S

Y(s) = X(s)P(s) = 2L b b b

TssGerD) s &2 Tst1
Therefore

y(t) = —bu(t) + btu(r) + be " u(t)
=b(t—1)u(t) +be"u(t)
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unstable behavior

10.2.1 Open Loop Differential Control

r(t) ———C(s) =+ o PO) =y ()

x(t)

g 11
PoL(s) = JGi s
stable system -1

\ y(t) time constant = 1 (sec)

> 1

The steady state (ss) error is 0. This can also be found by the Final Value Theorem:

If tlimy(t) exists (check Y (s))
—»00

Then

. . . b1
fmy ) =g o) =l =
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10.2.2 Closed Loop Differential Control

+ e(t) X(t)
r(t) (1) C(s) = ks J P(s) = s(s}i-l) 0
C(s) =k-s (we will design the value of k)
ks% ks r
PCL(S) — s( +11) _ _
Itksiy sG+D) ks s+k+1
Im {s)
~ Re{s}
—(k+1)
For stability,
k150
Test step response:
b
r(t) =bu(t) = R(s) =~
s
b k 1be/< %
v ()Fes ) ss+k+1 s s+k+1
k
— y(t) = b (1 _ e—(k+1)z) u(t)
¥(0)
b 1
bliﬂc N } SS eITor = bk+71

\ time constant = ——

k+1
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We can also find the steady-state error from

1 s+1

E(s) = R(s)% =R()

_b s+ 1 —A+ B
oss+k+1 s s+k+1

lime() exists since 2 results in Au(z) and ; Tesults in Be™ kD1 (7). So

{00 s +k+

. . . b s+1 b
lim e(f) = limsE(s) = lim - -
fime(t) = HmsE(s) = ims T ~ k1

So if we select k > 1 then in addition to stability, we get

i) Negligible steady-state error k%

ii) Small time constant +1
For these reasons, closed-loop control offers benefits over open-loop.

s Example 10.2 Proportional Control:

Im{s}

Re {s}
1

\ unstable pole

O =i ) py = - (1)

C(s) =k (proportional control)
k- k
Py(s) = —=1

()
T
T4kt stk—1

P.;(s) has a pole —(k — 1), so for stability we require .

Test signal 7(t) = b-u(t) = R(s) = &:

Apply FVT: tlimy(t) exists (see Y (s)).
—>00

bk k
lim y(¢) = lims¥ (s) = 1
Hm () = lms¥(s) = ims s =7 = b1
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which can be made ~ b for k > 1.

Test signal () = b -t - u(t) (ramp):

() b k A+B+ C

S)l=———=—F+——
s2s+k—1 s 2 s+k—1
bk

bk
1) = Au(t) + ——rtu(t —=0ry ¢
where B = % and C = = kbf = (kfkl)z. We cannot apply the Final Value Theorem because of

the second term. We can try to work directly with E(s):

_ﬁ 1 _2 s—1
_s21+k$ C 2s+k—1

E(s)

Even for e(t) we cannot apply the Final Value Theorem because of the Siz term in the PFE of E(s).
We can directly evaluate e(7):

A B C
L0 Ry s |
e(t) = (A+Br)u(t) +Ce " Vy(r)
e T
bk b bk

(k=12 k=1 (k—1)?
X (A+ Bt)u(r)

which increases indefinitely. "

m Example 10.3 Integral Control

Im {s}

s+1 Re{s}

-1
\ stable pole

k
C(s) = — (integral control)
s

k1
Pl(S): s s+1 — k — k
¢ I+E L T s(s+ ) +k S+stk

2" order system

For stability (use Routh-Hurwitz test) we need .

BTW: What is the locus of the largest pole for different values of k?

—1+/1—4k
P=—""

e Fork < % pole is real
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e For k = % double real pole = —%

e For k > % two complex conjugate poles with real part = —%
‘ jo
0
“e> 1

underdamped >:<
X
critically % over damped o

s—plane

N
_L
>1< unstable
underdamped X
=
k>3 X
X
Test signal r(t) = b-u(t) = R(s) = :
b k
Y(§)=—5——
(s) ss2+s+k
We can apply the Final Value Theorem.
b k

I — limsY(s) = limg0—— —
tg?oy(t) 50’ (s) sg]?))s()fs2+s+k

So: zero steady-state error

Let’s try another test signal:

r(t)=>b-t-u(t) = R(s) :S%

limy(r) does not exist so we cannot apply the Final Value Theorem. We better work directly with

t—ro0
E(s):
b1 b #(s+1)
E(s)=— = —
(s) s21+§$ sZs(s+1)+k
_b s+1
C ss24s+k

tlirn e(t) exists so we can use the Final Value Theorem.
—»00

. . . b os+1 b
et = o) = I e s vk k

So if we select | k > 1 | the steady state error is ~ 0.
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10.3 Open Loop vs. Closed Loop Control

— CoL - P
+
=) - CoL P -
H

Por =Cor-P

b CaP

T 1+CePH

Ccr

Por =Py = Cop = ——2—
OL CL OL ]—I-CCLPH

So for any Ccr(s) we cand find a Cor(s) such that the overall open-loop system is the same as the
overall closed-loop system, as long as:

* P(s) is accurately known
* P(s) is not time-varying
* P(s) not subject to external disturbances
If any of these three conditions is not satisfied, then closed-loop offers advantages (more robust):
* Makes closed-loop system insensitive to variations of P(s)
» Makes system insensitive to disturbances
Disadvantages of closed-loop:
* Increased complexity
* Reduced gain (see example)

= Example 10.4 Open-loop vs. Closed-loop with Variations of P(s)

Consider the DC motor example:

Im{s}
_ 1 ~ Re{s
P(S) = G D) o \ e{s}
unstable

pole
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We use differential control (as before). Assume that the actual plant has

Im{s}
« 1 I
PS)="————
(5) (s+&)(s+1)
~ Re {s}
-1 -—¢
for some small value € (due to "aging" of the components).
Closed-Loop:
C(s)=k-s
1
Per(s) = ksm = ks = ks
L 1+ksm kS+(S+8)<S+1> S2+(k+1+8)s+8
b
R(s) = -
() =2
b k-g
Y(s)=-
R S P
Stability:
e>0
k+1+€>0

(assume k> land 0 < ek 1)

Poles ~ —%, —k

jo
A
(o3
—k —£
A A
Y(s)~ -
W~ e~k

_p K
where A = b7 —.
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time
constants

Open Loop:
Choose the open loop controller so that it is the “equivalent” open loop controller to the above

closed loop controller (assuming a perfect system) (recall Cor = 1Jrg%)

ks ks(s+1)
ks ks
Por(s) = ~ for k> 1
o) = kT ere) S GrRGre k> D
R(s):é
N
bk b
b ks e ite

Y(s) =R(s)Por(s) = $(s+k)(s+e€) T ste stk

y(t) ~ % <e7£t - e*kt> u(t) ~b <ei€t — e*kt> u(t)

y(t)

|—

\ ;<fay
t

time
constant

So, comparing open-loop and closed-loop controller implementations, the performance of
closed-loop is better when an error € is present in the description of the plant. Specifically we see
that closed-loop decays to zero slower by a factor of k.

m Example 10.5 Robustness to internal parameters

Consider a simpler amplifier system with large but variable gain G:
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x(t) y(t) =G-x(t)

where G > 1 (but due to manufacturing issues the value of G is not well known). Use closed-
loop control:

i) ——® ~‘ G - y(0)

y(1) = er)-G G
e(t) = r(t) — g~ y(1) = 1+g*1G’
gain

G > 1 = gain = g. So the overall amplifier gain is not determined by (the unrealiable) G but by
the (reliable) parameter g. This is exactly what happens when you use an op-amp:
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R

Ry

I

L, o
amp + +< +
model v, R () G-V A

R
y() Z' _22 (does not depend on G)
1

m Example 10.6 Effect of Noise

What is the effect of noise generated from the electronic components or as an outside distur-

bance?

n(t) (noise)

x(t) y(1) =G-x(t)
n(t)
—1—@ e(t) ‘ ~y(t):y5(t)+yn(t)

e
\ a
G

]

due to due to
signal noise
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We saw that y,(¢) = r(¢) gr(t). For y,(t) we set r(t) = 0 and

_ G o
1+g’lG G>1
yu(t) =n(t)+G-elt)
e(t) = —g 'yalt)
So overall (for G > 1)

n(t)

8
)= ———— ~ —nlt

Y gty 4 L),
! t
Gf‘u.n ' noise is reduced
"stabilizes’ by a factor of G
to a value
independent
of G

(10.5)

However if we had used an open loop control which was equivalent to the closed-loop control
we would have gotten Cpr(s) = g/(g+ G) =~ g/G and the overall response of the system would

have been

yoy= o ogert)  + n(t)

T T
Gain noise is not
"stabilizes" reduced
to a value
independent
of G
In general:
N(s)
E(s
Rs) — 2 o I e
‘ H(s) |
CP
L) =R T cp
=
Ya(s) = N(s) o
N 1+CPH
cpP P
Y(s)=R(s)———— +N(§) ————
() =R epr TV T crr

(10.6)

(10.7)
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However if we had used an open loop control which was equivalent to the closed-loop control we

would have gotten Cp; =

_Cc
1+CPH

R(s)+N(s).

Y(s) =R(s) P+N(s)

H

—

5)=1
Cls)=k>1

Summary

We use common controllers, such as Proportional-Integral-Differential (PID)
C(s) :Kp—f—%—f—KD's
where Kp, Kj, and Kp are design parameters, with the following objectives:
* Stabilize the close-loop system
* Test system with inputs
u(t), tu(t), tu(r), ...
and make sure that

— steady-state error is small

— transients die out and fast enough

ﬁ ~ 1/P and the overall response of the system would have been

(10.8)

(10.9)
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